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The nature and origin of ferromagnetism in magnetic semiconductors is investigated by means of
highly precise electronic and magnetic property calculations on MnxGe1�x as a function of the location
of Mn sites in a large supercell. Surprisingly, the coupling is not always ferromagnetic (FM), even for
large Mn-Mn distances. The exchange interaction between Mn ions oscillates as a function of the
distance between them and obeys the Ruderman-Kittel-Kasuya-Yosida analytic formula. The estimated
Curie temperature is in good agreement with recent experiments, and the estimated effective magnetic
moment is about 1:7�B=Mn, in excellent agreement with the experimental values, �1:4–1:9��B=Mn.
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tive magnetic moments and the observed large range of
Curie temperature in MnxGe1�x. They also indicate that a

nearest neighbor (N111 case) or the uniform distribution
with the largest Mn-Mn separation distance (N444 case).
Semiconductor devices based on the control and
manipulation of electron spin have recently attracted
great attention, including Mn doped III-V [1], group IV
[2], and chalcopyrite [3,4] semiconductors. The origin of
the ferromagnetism in magnetic semiconductors is under
intense discussion [5], with many mechanisms proposed,
including the Ruderman-Kittel-Kasuya-Yosida (RKKY)
model [6], and double resonance mechanism [7].
Recently, a number of investigators have noticed that
the disorder of Mn site locations might play an important
role [5,8–10]: disorder was found to enhance the ferro-
magnetic (FM) transition temperature both in the
mean-field approximation and from an analysis of the
zero-temperature spin stiffness [8,9]. Experimentally, it
is also well known that the electronic and magnetic
properties are strongly affected by the temperature or
duration of annealing [10–12]. For example, large varia-
tions of TC, from 49 to 111 K in Ga1�xMnxAs at x �
6%–8%, were found when annealing at different tem-
peratures in a narrow temperature range, from 282 to
350 K [10]. For MnxGe1�x, TC was found to be as high as
274 K in a very recent work [13], in contrast with up to
116 K found previously. Recent experimental work [2]
demonstrated the control of FM order of MnxGe1�x
through the application of a �0:5 Vgate voltage, showing
the potential application of MnxGe1�x in microelectronic
technology.

To gain insight into the magnetic interaction respon-
sible for ferromagnetism observed in MnxGe1�x, we have
carried out highly precise all-electron full-potential
linearized augmented plane wave (FLAPW) [14] calcu-
lations on large supercells as a function of Mn-Mn dis-
tances for different Mn site locations. Here we report that
the coupling between Mn atoms is not always ferromag-
netic even for large Mn distances. The magnetic order in
MnxGe1�x strongly depends on the Mn site locations due
to a RKKY-like interaction between the localized Mn
ions. Our results serve to explain the experimental effec-
0031-9007=03=90(4)=047204(4)$20.00 
higher Mn concentration enhances the exchange interac-
tions and thus the Curie temperature.

The FLAPW method [14], one of the most accurate
ab initio methods, is employed with no artificial shape
approximation for the wave functions, charge density,
and potential. The core states are treated fully relativisti-
cally and the valence states are treated semirelativisti-
cally (i.e., without spin-orbit coupling) for both Ge and
Mn. The muffin-tin radii are chosen as 2.20 a.u. for both
types of atoms. An energy cutoff of 9.0 Ry is employed
for the APW basis to describe the wave functions in the
interstitial region, and an energy cutoff of 81.0 Ry is used
for the star functions depicting the charge density and
potential. When the energy cutoff for the APW basis is
increased to 12.96 Ry, the total energy difference between
the antiferromagnetic (AFM) state and the corresponding
FM state changes only within 3 meV=Mn. Following the
Monkhorst-Pack scheme, a 3� 3� 3 k mesh, is adopted
[15]. The energy differences between FM and AFM states
change within 4 meV=Mn, when the k mesh is enhanced
to 4� 4� 4 or 5� 5� 5, whereas the results with a 2�
2� 2 k mesh are not well converged, and even give an
incorrect magnetic ground state for some of these sys-
tems. The generalized gradient approximation functional
of Perdew, Burke, and Ernzerhof [16] is employed for the
calculations in order to get a better description for the Mn
atom. The lattice constant of pure Ge, i.e., 5.658 Å, is used
for Mn concentrations from 3.1% to 6.3%, since it was
found to change only within 0.46% up to x � 6:3% [13].

We employed a 2� 2� 2 a3 supercell (a is the cubic
lattice constant), with 62 Ge atoms and 2 Mn atoms, to
simulate the effect of local disorder of the Mn distribu-
tions, with Mn-Mn distances ranging from 2.45 to 9.80 Å.
All six cases are described in Table I, with a system
notation for each case, consisting of three digits follow-
ing N to represent �x; y; z� coordinates in units of a=4 of
the second Mn (the first is at the origin). The total energy
results indicate that the Mn pair does not prefer either the
2003 The American Physical Society 047204-1
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FIG. 1. The exchange interaction, Jn, for the Mn atoms versus
their distance in MnxGe1�x, where the Jn’s are defined with the
convention jSj � 1. The solid line is the RKKY model fitted
with kF � 1:02 �A�1.

TABLE I. The FLAPW calculated total energy (relative to the lowest energy N440 FM case), the AFM and FM energy difference,
for the different Mn locations from the Ge62Mn2 supercell. One Mn is put at �0; 0; 0�, while the other is listed in the table. The
expression of exchange constants for the AFM and FM energy difference is listed in the last column.

Mn2 position Mn-Mn dist EFM EAFM EAFM � EFM
System �a� (Å) (meV=Mn) (meV=Mn) (meV=Mn) �

P
J�r�

N111 �1=4; 1=4; 1=4� 2.45 290.3 2.7 �287:6 J111
N220 �1=2; 1=2; 0� 4.00 12.2 93.6 81.4 J220
N400 �1; 0; 0� 5.66 67.9 45.5 �22:4 2J400
N224 �1=2; 1=2; 1� 6.93 75.9 68.8 �7:1 2J224
N440 �1; 1; 0� 8.00 0 103.1 103.1 4J440
N444 �1; 1; 1� 9.80 106.8 69.3 �37:5 8J444
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Instead, the FMN440 case with the Mn-Mn separation of
8.0 Å has the lowest energy. Surprisingly, theMnxGe1�x is
not always ferromagnetic even at large Mn-Mn distances
(see Table I). For the nearest neighbor situation (case
N111), AFM is strongly preferred, as found in other
calculations [2]. However, the AFM states for N400 and
N444 are clearly lower than the FM state by energies of
22.4 and 37.5 meV, respectively, which are larger than the
error (� 10 meV=Mn) of our calculations. Therefore, the
mechanism for the ferromagnetism in MnxGe1�x is not
simply from the competition between a long-range FM
interaction and a short-range AFM interaction, as sup-
posed in Ref. [2]. We show that the magnetic interaction
in MnxGe1�x follows the RKKYanalytic formula.

Our first principles calculations listed in Table I clearly
show the oscillation of the AFM and FM energy differ-
ence as a function of the Mn-Mn distance. To understand
this behavior, we express the energy difference between
the AFM state and the FM state with the Heisenberg
model, where the spin interaction energy in a super-
cell, �, can be expressed as

E � �
1

2

X

j��i

X

i2�

J�ri;j��Si 	 Sj� : (1)

Here � represents all the supercells expanded in the solid,
and Si, Sj denote the localized magnetic moments. The
factor of 1

2 is added because the interaction is shared by
two atoms.When defined with the convention jSj � 1, the
energy difference between the AFM and FM aligned
Ge62Mn2 supercells for each Mn atom may be expressed
as

�Eex �
X

�1;�2;�3

J�x1 � 8�1; x2 � 8�2; x3 � 8�3�: (2)

Here �x1; x2; x3� represents the coordinates of the second
Mn in units of a=4, and the lattice vectors (with length
� 2a) in three directions are replaced with 8�1, 8�2, and
8�3 in units of a=4, and �1, �2, and �3 are integers. For
example, in the N400 case, Eq. (2) can be written as
�Eex � J�4; 0; 0� � J��4; 0; 0� if J�r� is cut off beyond
r � 2a. Since J�4; 0; 0� and J��4; 0; 0� are equivalent,
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they are simplified into 2J400 in Table I. The calculated
J�r�’s are displayed as diamond dots in Fig. 1. It is
important to point out that J�r� may be understood as
the energy required to flip two aligned localized mag-
netic moments at a distance, r.

On the other hand, according to RKKY theory [17], the
interaction between two localized moments through the
induced spin density has the form of

H � �
J 2

g2�2
BV

X

q

��q�eiq	rS� 	 S�: (3)

Here J is the exchange integral between conduction
electrons and the electron localized at the impurity, and
��q� is the magnetic susceptibility of the conduction
electrons. It is well known that if ��q� is treated as for
free electrons then the RKKY Hamiltonian could be
rewritten as

H /
X

q

��q�eiq	r / 
sin�2kFr�� 2kFrcos�2kFr��=r
4; (4)

where kF is the Fermi wave vector corresponding to the
average density ���. Consider now the RKKY Hamiltonian
for two situations, S�, S�, with parallel and opposite
directions, which will have the same expression as in
047204-2
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Eq. (4) except for their signs [18]. Therefore, the energy
difference between the AFM state and the FM state of the
two localized moment systems, which is exactly the J�r�
discussed above, is also proportional to the right-hand
side of Eq. (4).

We now fit the calculated exchange interaction J�r�
with Eq. (4), taking kF as a parameter. The fitted curve
shown in Fig. 1 as the solid line shows excellent agree-
ment between the calculated J�r�’s and the RKKY model.
It is not appropriate to estimate kF from the hole concen-
trations because the holes are mostly contributed by Mn
3d and nearby Ge 4p electrons, and thus are localized at
Mn sites. From Fig. 2(b), it is seen that the Ge 4p partial
density of states (DOS) decreases rapidly as the Ge atom
goes away from the Mn, which indicates that the ‘‘free’’
charges have a much larger density around the Mn.

The spin density for the FM and AFM N440 cases
shown in Fig. 3 clearly indicates that the magnetic mo-
ments are localized at Mn sites. At Ge sites that are
nearest neighbors to Mn the magnetic moment within
their muffin-tin spheres is about 0:06�B (0:05�B for the
AFM case), has an opposite spin direction to that of
nearby Mn, and decreases rapidly to zero as the distance
increases. That the Ge 4s and 4p electrons prefer AFM
alignment to the nearby Mn 3d is similar to the As 4s and
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FIG. 2. The total DOS and projected Mn 3d and Ge 4p DOS
of the N440 FM case in Ge62Mn2, with Gaussian broadening
technique with a parameter of 0.05 eV. Spin up and spin down
are represented with positive and negative images, respectively.
The distance of the nearest Ge to Mn is 2.45 Åwhile it is 6.93 Å
for the furthest Ge atom.
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4p in �Ga;Mn�As [19]. The total DOS of FM N440,
shown in Fig. 2(a), indicates that the system is half
metallic — consistent with the average integer magnetic
moments of 3�B=Mn. Figure 2(b) shows that the nearby
Ge 4p is hybridized with the Mn 3d, and the hybridiza-
tion decreases rapidly as the distance to Mn increases.

Despite much effort, the optimum way to estimate the
Curie temperature is still an open question. As done for
the CuGa1�xMnxSe2 system [20], we employ Monte Carlo
simulation results for Cd1�xMnxTe, which has the zinc-
blende structure [21], namely TC � 0:447jJ1j, where J1 is
the exchange constant for the nearest neighbor interaction
between local magnetic ions. The estimated Tc is �134 K
for the energetically preferred N440 case (with J1 �
25:8 meV), and it could be up to �400 K for Mn atoms
located as in the N220 case (with J1 � 81:4 meV), and so
appear to be in good agreement with the experimental
results, 116 [2] and 274 K[13], obtained by different
groups. The larger TC for the N220 case confirms results
from the mean-field approximation and an analysis of the
zero-temperature spin stiffness that Mn disorder may
enhance the ferromagnetic transition temperature [8,9].

In addition, the effective magnetic moment in
MnxGe1�x may be estimated from the calculated total
energies which mostly lie within 100 meV=Mn higher
than the N440 FM case, as listed in Table I. Con-
sidering that the growth/annealing temperature for
MnxGe1�x sample synthesis is about 340 K [2], i.e.,
29 meV, most of the Mn site locations are competitive
for occupation. The calculated magnetic moment is 3:0�B
per Mn for all systems except for the FM N111 case
(3:12�B per Mn). Now, the saturation magnetization ob-
tained from the experimental magnetization loops is up
to 30 emu=cm3 for Mn0:02Ge0:98, corresponding to
�1:4–1:9��B=Mn if all Mn atoms contribute equally [2].
This means that only �50% Mn are magnetically active
if each Mn atom has the theoretical moment of 3�B.
Since the Mn locations are rather random due to their
competitive total energies and the magnetic moments of
Mn are not ‘‘active’’ in some cases, like N111 and N400,
due to the AFM state being preferred, this may explain
why the experimental magnetic moments are much
FIG. 3. The spin density of the N440 case in Ge62Mn2 for
both FM (left) and AFM (right) configurations. The solid
(dashed) lines represent spin up (down) density with � �
0:0005� 2�n�1�=2e=bohr3. Here n represents the nth contour
line from the lowest density zone.
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TABLE II. The FLAPW calculated total energy (relative to the lowest energy N220 FM case) of the Ge30Mn2 supercell with the
same Kmax and Gmax as Ge62Mn2. The k mesh of 3� 3� 6, equivalent to the calculations of Ge62Mn2, is used. One Mn is put at the
�0; 0; 0� position; the other Mn position is listed in the table.

Mn2 position Mn-Mn dist EFM EAFM � EFM
System �a� (Å) (meV=Mn) (meV=Mn) �

P
�nJn

N111 �1=4; 1=4; 1=4� 2.45 310.8 �242:7 J111 � J113 � J115
N220 �1=2; 1=2; 0� 4.00 0 123.3 J220 � 2J224
N400 �1; 0; 0� 5.69 4.7 104.7 2J400 � 4J440
N440 �1; 1; 0� 8.00 40.1 81.2 4J440 � 8J444
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smaller than the theoretical values. As a crude estimate,
we assume that the Mn are distributed in the six cases
listed in Table I [22] with relative weights given by a
Boltzmann factor, exp���Ei=KT�. The calculated effec-
tive magnetic moment, 1:7�B=Mn (for growth tempera-
ture of 340 K), is in excellent agreement with experiment.

In order to investigate the effect of Mn concentration
on the magnetic properties in MnxGe1�x, a supercell of
Ge61Mn3 was also employed, with three Mn atoms lo-
cated at �0; 0; 0�, �2; 2; 0�, and �4; 4; 0� in units of a=4. The
energy difference between the FM state and the AFM
state [with the Mn at �2; 2; 0� AFM aligned with the other
two] is 222.4 meV for the 64-atom supercell. This energy
difference may be expressed as 2J220 when cutting off the
interactions beyond 12 Å, and so J220 is 111.2 meV, which
is much larger than the 81.4 meV value of J220 for
Ge62Mn2. Therefore, the J�r�’s are getting larger as the
Mn concentration increases, which is in agreement with
the fact that TC increases as Mn concentration increases.
The calculated results for MnxGe1�x at x � 6:3% also
support this conclusion, as seen from the total energies
for several Mn configurations in a 2� 2� 1 a3 supercell
of Ge30Mn2 listed in Table II. In the last column of
Table II, the energy difference between the AFM state
and the FM state is expressed in terms of the J�r�’s. It is
not surprising that the N400 case in Ge30Mn2 is FM
favored since it includes J440 in addtion to J400. Since
we are not able to obtain these J�r�’s for x � 6:3% from
Table II, we use the J�r� values obtained for x � 3:1%; the
calculated energy difference between the AFM state and
the FM state is now much larger than the value from the
J�r� expressions. For example, the calculated energy dif-
ference forN220, 123.3 meV, is much larger than that from
the J�r�’s (J220 � 2J224 � 74:2 meV). This clearly con-
firms that the exchange interaction will be much en-
hanced as the Mn concentration increases, and thus the
Curie temperature will also be increased if it were pos-
sible to increase the Mn concentration.
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