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An efficient algorithm for generating perfect special quasirandom
structures with many-body correlation functions and
its application to the Kronig—Penney model
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The special quasirandom structure (SQS) method provides an ideal representation of disordered structures. However,
it is still a challenge to generate structures that perfectly satisfy the constraints of correlation functions, especially for many-
body interactions. Taking one-dimensional systems as an example, we develop an efficient SQS construction algorithm for
multi-component materials based on De Bruijn sequences, which can be extended to systems with higher dimensions and
more components. The SQSs constructed by our algorithm are shown to universally satisfy all the constraints of 1 ~ n-
body interactions, and the numbers of consecutive identical-atom subsequences follow a unified counting rule. Based on the
Kronig—Penney model, we have systematically investigated the impact of structural disorder on electronic properties. As
the cell size increases, there are the same trends in the electronic structures obtained from SQSs and fully random structures,
while SQSs display markedly faster convergence and significantly reduced fluctuations. We demonstrate that SQS provides
a reliable and efficient finite-size representation for electronic-structure calculations of disordered systems.
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1. Introduction

The macroscopic properties of multicomponent materi-
als are dominated by their microstructures. For instance, in
the binary alloy Cu,Auj_,, a disordered structure obtained
by quenching exhibits a smooth and regular dependence of
the resistivity on composition, whereas the resistivity displays
pronounced oscillatory variations when the atomic arrange-
ment becomes ordered under annealing conditions.!!! In high-
entropy alloys, semiconductor alloys, and oxide solid solu-
tions, atoms are randomly arranged without periodicity, and
the disappearance of translational symmetry of the Hamil-
tonian induces band broadening, electronic localization, and
pronounced changes in transport and magnetic behaviors.?!
For disordered alloys, Voicu Popescu et al. proposed a spec-
tral decomposition method based on large supercells to de-
scribe “polymorphous configurations”, in which different ran-
dom configurations were calculated and the spectral func-
tions were averaged; 3! for non-crystalline structures, Matthew
Jankousky et al. developed a first-principles-based method to
generate structures with short-range order for ensemble aver-
aging and spectral function analysis of the electronic structure,
where the calculated photoelectronic properties are in good
agreement with experiments. (4]
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A variety of methods have been developed to describe
the structural stabilities of alloys. The cluster expansion (CE)
methodP! provides a systematic statistical-mechanical frame-
work for various solid solutions by expressing the configu-
rational energy as a linear combination of cluster correlation
functions. In contrast, the similar atomic environment (SAE)
approach!®! generates representative structures by minimizing
the statistical deviation of atomic environments, offering an
alternative strategy of structural fingerprints for the construc-
tion of machine learning potentials. For disordered alloys,
the virtual crystal approximation (VCA)!"! and the coherent
potential approximation (CPA)[®! provide efficient mean-field
treatments by averaging the atomic properties over the ran-
dom distribution of constituents. In this study, we specifically
focus on the special quasi-random structure (SQS) method,
which aims to construct a small periodic cell whose correla-
tion functions are equivalent to those of an infinitely large,
completely random disordered structure.””l When combined
with high-precision DFT calculations, it can be used to de-
scribe properties of disordered alloys, replacing the traditional
random-occupation model and significantly improving com-

10111 1y metallic alloys, SQS can be used

putational efficiency.!
to predict key properties such as mixing enthalpy, lattice con-

stants, and magnetic moments of bcc-, fcc-, and hep-structured
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12-15] Tn semiconductor alloys, SQS can be used to

systems.[
accurately predict the electronic structure, band gap, and for-
mation energy of III-V compounds and Si-Ge alloys.!1%!7]
In oxide systems, SQS can be used not only to simulate the
dielectric, piezoelectric, and ferroelectric properties of per-
ovskite oxides such as Ba;_,Sr,TiO3 and Pb(Zr,_,Ti,)Os,
as well as the formation of polar nanoregions,!'829 but
also to investigate the oxygen vacancy distribution and ionic
conductivity in doped ceria-based solid electrolytes such as
Ce1—xGdOp_y) - (211 For ceramic and two-dimensional (2D)
systems, SQS can be employed to investigate the mixing
enthalpy and structural stability of MAX phases, such as
Zr> AlC-based solid solutions, providing theoretical guidance
for the design of high-entropy ceramic materials.??! In two-
dimensional disordered alloys, such as TINbCO,, SQS enables
reliable predictions of the formation energy, elastic proper-
ties, and electronic structure, which are valuable for the design
of energy- and environment-related materials.[**! In addition,
SQS can be used to analyze the effects of the random distri-
bution of hydrogen atoms in zirconium hydrides (ZrH;_,) on
the mechanical properties and electronic structure of materi-
als, further extending its applications in materials science.?¥]

Despite the wide applications of SQS, there are certain
limitations in existing methods for constructing SQS. For
example, the simulated annealing method based on Monte
Carlo!® exhibits relatively slow convergence in searching
SQS in larger structures, making it difficult to obtain an
SQS whose correlation functions are perfectly satisfied. The
SQS searching algorithm based on zero-suppressed binary de-
cision diagram (ZDD)?®! considers only two-body interac-
tions, which can solve systems containing at most 40 atoms.
The small set of ordered structures (SSOS),?” performing
a weighted average over multiple small cells, only ensures
that physical quantities, such as correlation functions, match
their weighted averages without preserving the spatial distri-
bution, and can efficiently simulate certain average thermody-
namic properties while failing to represent the actual micro-
scopic structure. Additionally, these SQS methods typically
consider only two-body interactions due to the increased com-
putational difficulty associated with incorporating many-body
interactions. The essence of representative structures lies in
matching correlation functions, and the ideal SQS should re-
produce as many correlation functions as possible, °! although
most SQS constructions in practice consider only pair inter-
actions. Recent studies have shown that in alloy systems
such as zirconium, interactions beyond pair terms (e.g., three-
body and four-body interactions) can be significant and can-
not be ignored, and they strongly depend on the local atomic
configurations. [?8! Therefore, in order to accurately model re-
alistic disordered systems, it is necessary to construct SQSs
that match many-body correlation functions.

In this work, taking a one-dimensional alloy as an exam-
ple, we have developed an SQS solving method constrained by
the number of many-body interactions, which can efficiently
obtain perfect SQS structures with various compositions. It
can be proven that an SQS structure satisfying n-body interac-
tions also satisfies all 1 ~ (n— 1)-body interactions. In the case
of binary SQS, it additionally satisfies the two-body interac-
tions of rank 1 ~ (n— 1). For all SQS, there is also a quantita-
tive relationship for the number of consecutive identical atoms.
Combined with the Kronig—Penney model, we have performed
a comparative study of the electronic structures of SQSs of
different sizes and random structures. We have elucidated the
physical mechanism of localization of electronic states in dis-
ordered potentials and explained the origin of their statistical
behaviors by analyzing the evolution of energy, the statisti-
cal properties of energy levels, the density of states (DOS),
and the spatial distribution of electronic wavefunctions with
respect to supercell size. Thus, the perfect SQS obtained by
our algorithm can well describe the properties of disordered
structures.

2. Algorithm for constructing SQS based on
many-body interactions

In order to evaluate multi-component systems, the Hamil-

tonian is derived based on the lattice gas model?”!
Higm = — Z(HAPI‘A +usPy)
= Y Unp'p
(NN)
+Iag(PAPY + PPPY) + JpPP PP - (1)

The first term represents the on-site energy contribution, where
the occupation variables P4, P2 € {0,1} are coupled to their
respective chemical potentials p4 and ug, effectively defining
the grand canonical energy of the particles. The second term
accounts for the pairwise interactions between nearest neigh-
bors, summing the bond energies J44, Jap, and Jpp based on
the configuration of occupied sites. The subsequent ‘- - -’ rep-
resents additional higher-order interaction terms.

By normalizing the coefficients, the correlation functions
can be expressed in the following form:

HLGM = l<ZPlAaZPle ZEAP}47
N\% T NN

1

L. Y ). @
(NN) (NN)

In a disordered structure, the occupations of any two lat-
tice sites are statistically independent, implying that the joint
occupation probability factorizes as (Pio‘Pf ) = (E“)(Pf ) =
XoXg, Where xq denotes the molar fraction of component o.
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Under the thermodynamic limit, the summation over nearest-
neighbor (NN) pairs in Eq. (2) can be replaced by the ensemble
average. Consequently, the elements of the correlation vector
I gm for an ideal random structure are determined solely by
the composition

d ) <2
Hi%r}lM = (.XA,XB, EXA,ZXAXB, EXB) ; (3)

where z is the coordination number of the lattice. For an
equiatomic binary system (x4 = xp = 0.5), this leads to the
symmetric distribution of bond frequencies, where the total
occurrence of hetero-atomic pairs (zxaxp) is precisely bal-
anced by the sum of homo-atomic pairs (% (x5 +x3)).

To simulate a random structure, one can construct a cell
whose correlation function components match those of a per-
fectly disordered structure; such a configuration is termed an
SQS. 1 Furthermore, during the construction of an SQS, more
stringent constraints can be imposed: specifically, requiring
the occurrences of the four types of pair clusters (AA, BB,
AB, and BA) to be strictly equal. We define this condition
as satisfying the pair-interaction constraint. Under this con-
straint, the SQS not only matches the correlation functions of
the disordered state but also exhibits superior physical proper-
ties, as demonstrated in subsequent sections. While the afore-
mentioned correlation functions only account for two-body in-
teractions, higher-order many-body interactions are expected
to follow similar statistical principles.!”! Therefore, the con-
straint can be further extended by requiring each type of n-
body cluster configuration to appear with equal frequency,
thereby satisfying the n-body interaction constraint. Gener-
ally, as the order of satisfied interaction constraints increases,
a larger number of correlation function components in the SQS
become equivalent to those of the ideal disordered structure.

ﬁ Construct the De Bruijn graph G2 \

NI /

ﬂ.Traverse all cycles sequentially, \
starting from ‘“01” to obtain y

a squence
00011101

®

Taking a one-dimensional binary SQS as an example, the
structure can be represented as a linear sequence, where an
n-body cluster corresponds to a subsequence of length n. As
shown in Fig. 1, the two-body and three-body clusters are la-
beled, and all distinct two-body clusters and three-body clus-
ters occur with equal frequency in the structure. This demon-
strates that the structure simultaneously satisfies the statisti-
cal requirements for both two-body and three-body interac-
tions. As n increases, more atoms can be generated in the
SQS, which can satisfy higher-order many-body interactions
to represent the disordered structure more accurately.

00011101
00000000

2 body 3 body
2 body OO o0 (©0) (@[]
Amount 2 2 2 2
3 body 000 000 000 OO0 00O 000 00O O0OC
Amount 1 1 1 1 1 1 1 1

Fig. 1. Statistics of n-body cluster occurrences in a representative SQS
under periodic boundary conditions.

For the construction of SQS in this work, each possi-
ble subsequence of length n appears exactly once, which is
mathematically equivalent to constructing a B(k,n) De Bruijn
sequence.*") A B(k,n) De Bruijn sequence is a cyclic se-
quence over an alphabet of size k, in which every possible
subsequence of length n appears exactly once. A B(k,n) De
Bruijn sequence exists for any positive integers k and n.13!
We now give a detailed introduction to the classical method
for constructing a B(k,n) De Bruijn sequence, which is based

on the Eulerian cycle of the De Bruijn graph (Fig. 2).[3!

/2. Found a cycle back to the origin. \

N /

@. Find all unvisited cycles and \
concatenate them. J

01

N /

Fig. 2. A simplified flowchart of the De Bruijn sequence solving algorithm, illustrated with B(2,3) as an example.

076102-3



Chin. Phys. B 35, 076102 (2026)

1. Constructing the De Bruijn graph Gy,

Vertices: The vertex set V of the graph consists of all k-
ary strings of length n — 1, yielding a total of k"' vertices.

Edges: For any two vertices u and v, a directed edge from
u to v exists if the suffix of u overlaps with the prefix of v by
n—2 symbols. Specifically, let u = ow and v = wt, where w
is a string of length n — 2 and ¢ and 7 are symbols from the
alphabet. In this case, a directed edge from u to v is defined.

Edge labeling: The directed edge (u,v) corresponds to the
length-n substring owt. Equivalently, the edge can be labeled
by the newly appended symbol 7, indicating that it extends the
preceding length-(n — 1) string u.

2. Finding the Eulerian cycle

An Eulerian cycle is a closed path in a graph that traverses
each edge exactly once. Since the De Bruijn graph is balanced,
with each vertex having in-degree and out-degree equal to £, it
necessarily admits an Eulerian cycle. An Eulerian cycle can be
found using algorithms such as the Hierholzer algorithm.3!!

3. Constructing the sequence

Starting from the initial vertex of the Eulerian cycle, the
new symbol T on each edge is recorded sequentially. By con-
necting these symbols, the B(k,n) sequence is constructed.

For two-dimensional SQSs, a similar strategy can be
adopted by confirming that each many-body cluster appears
with the same occurrence number within the cell, which is
The FFMS
method (proposed by Fan, Fan, Ma, and Siu)[3?! is a classical

equivalent to constructing a De Bruijn torus.

and efficient approach that provides a construction framework
based on transforming one-dimensional De Bruijn sequences

via Cartesian products; its core idea is as follows: First, a one-
dimensional k-ary De Bruijn sequence is constructed. Then,
multiple copies of this sequence are arranged as column vec-
tors using a column-shift operator with a carefully designed
shift vector S, such that each column is cyclically shifted rel-
ative to the previous one by a prescribed number of positions.
Through this geometric offset, the local window properties of
the one-dimensional sequence are effectively mapped onto a
global coverage property in two dimensions, ensuring that ev-
ery r X s subarray in the matrix is unique and exhaustive un-
der periodic boundary conditions. This procedure ultimately
yields a perfect two-dimensional k-ary distribution. For SQSs
with different many-body clusters and different numbers of
atomic species, alternative construction approaches such as
the grid method®¥ and the cock method!**! have also been
employed.

3. Results and discussion
3.1. Generating SQS in multi-component materials

Using the above algorithm, we obtained all binary SQS
solutions for n = 1 ~ 5, a single binary SQS solution for each
n =1~ 22, and binary SQS solutions satisfying element-
exchange symmetry for n =3, 5, 7, 9, and 11. In addition,
single ternary SQS solutions were obtained forn =1 ~ 12 (Ta-
ble 1), together with partial solutions for four-, five-, and six-
component SQSs. Furthermore, by applying the many-body
interaction constraint, we have constructed two-dimensional
SQSs that satisfy four-body and five-body constraints, respec-
tively.

Table 1. Binary and ternary SQS sequences, where 0, 1, and 2 represent three different types of atoms. Due to the large number of atoms, only

a portion of the results is shown.

Binary SQS sequences B(2,n)

0011

00011101

0000111101100101
00000111110111001010011010110001

w NS

AN W A

0000001111110111100111010111000110110100110010110000101010001001

n Ternary SQS sequences B(3,n)

002212011
3 000222122021121020120011101

000022221222022112210220122002121202111211021012100202011201020012000111101100101

As shown in Fig. 3(a), there is an SQS with 16 sites that
satisfies the 4-body interactions. Note that the numbers of 2-
body and 3-body interactions are also satisfied in this struc-
ture. By examining all many-body interactions of order up
to n in a given SQS, we find that, for any fixed subsequence
length, all subsequences with different configurations occur
with the same frequency within that SQS. This indicates that
an SQS constructed to satisfy n-body interactions automati-
cally satisfies all 1 ~ (n— 1)-body interactions as well. The

counts of subsequences of different lengths in ternary SQSs
are plotted on a logarithmic scale (Fig. 3(b)), and the results
form straight lines. This indicates that the number of subse-
quences of length [/ increases exponentially with /, specifically
following a 3! scaling law. A detailed analysis shows that, in
an n-body SQS, any /-body subsequence appears exactly k"~
times. This property can be understood as follows.

In a k-component SQS satisfying n-body interactions, ev-
ery n-body configuration (a total of k" configurations) appears
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exactly once. For a given [-body configuration w; (i.e., a sub-
sequence of length /, where [ < n), it can be regarded as a pre-
fix of an n-body configuration. Once this prefix is fixed, the
remaining n — [ positions can take any values independently,
resulting in K"~/ possible extensions. Therefore, each subse-
quence of length / serves as the prefix of exactly k"~ different
n-body configurations. Since the SQS satisfying the n-body
interaction enumerates all n-body configurations without rep-
etition or omission, every n-body configuration that starts with
w; appears exactly once. Consequently, w; appears together
with all these k! different n-body configurations, and its oc-
currence number is

O(wy) = k""" 4)
a 0000111101100101
000000000 0CO000
= = = 7 = N i
2 body 3 body 4 body
2 body OO 00 00 00
Amount 4 4 4 4
3 body 000 000 ¢ 0 BO6 000
Amount 2 2 2 2 2 2 2 2
4 body @006 o > <
Amount 1 1 1 1 1 1 1 1
4 body eose oeco oc ¢ HO0E GO :
Amount 1 1 1 1 1 1 1 1
(b) 6
—n =
——n=3
n=4
. 4r n=>5
5 n==6
S
2
2
2
T % 5 1 5 6 7

l

Fig. 3. (a) Schematic diagram of the binary n = 4 SQS, showing its
2-body to 4-body interactions, demonstrating its satisfaction of 1 ~ 4-
body interactions (the atomic number ratio ensures that the 1-body inter-
action is automatically satisfied). (b) Statistical analysis of the number
O(wy) of ternary subsequences of length /, where the vertical axis rep-
resents log;O(w;) and the horizontal axis represents the subsequence
length /. Different curves correspond to SQS sequences with different
values of n.

3.2. Structural characteristic in SQS

An m-th order two-body refers to a pair of atoms whose
separation equals m lattice spacings. All orders of two-body
interactions are illustrated in Fig. 4(a). Taking the binary SQS
with n = 3 as an example, the numbers of first- and second-
order two-body pairs are both equal to 2, indicating that this
structure satisfies the first- and second-order two-body inter-
actions. Figure 4(b) shows all orders of two-body interactions
for all binary SQSs for different values of n, where there is a
linear dependence between the logarithm of the number and

the neighboring index i in the range 1 <i < n— 1. This indi-
cates that the number of two-body pairs of orders 1 ton — 1 is
fixed and equal to 2"~2. Consequently, any SQS satisfying the
n-body interaction automatically satisfies the 1 ~ (n— 1)-order
two-body interactions, and the corresponding 1 ~ (n—1) com-
ponents of the two-body correlation function are exactly zero,
perfectly matching those of the disordered structure. This
property can be understood as follows.

For a two-body pair with a fixed separation j, it can be
regarded as the first atom and the (j + 1)-th atom in an n-body
configuration, while the remaining n — 2 sites can be freely oc-
cupied by atom A or B. Therefore, each two-body pair can be
extended into 2"~ different n-body configurations. In a binary
SQS satisfying the n-body interaction, there are 2" distinct n-
body configurations, and each n-body configuration appears
exactly once in the sequence. As a result, if a given two-body
pair can be extended into 2"~ different n-body configurations,
it must necessarily appear exactly 2"~ times in the sequence.
All four types of two-body pairs, 00, 01, 10, and 11, there-
fore appear 2"~ times, which means that the SQS satisfies
the two-body interaction and perfectly matches the correlation
function of the disordered structure.

2-th neighbor 2-bod;
(a) g y

——
OO0000000

I_rl

-th neighbor 2-pody

i

3-th neighbor 2-body

1-th neighbor OO OO OO OO
Amount 2 2 2 2
2-th neighbor OO OO OO OO
Amount 2 2 2 2
3-th neighbor ()0 Q0 @e) OO0
Amount 1 1 3 3

(b) 12
10 n=12

= n=11
< st n=10
LS 4\__
= n=9
2 6 n=2_8
§ n="7
8 4 ————————— ——~—~ ~—n=6
2 —/\_/—/\/ n=>5

2} n=4

n=3
0 1 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18

i-th nearest neighbor of pair correlation function

Fig. 4. (a) Schematic diagram of the binary n = 3 SQS, showing its one-
order to three-order two-body interactions, demonstrating its satisfac-
tion of 1 ~ 2-order two-body interactions. (b) Statistical analysis of the
two-body interaction correlation function components for SQS struc-
tures with different values of n, where the horizontal axis represents
various nearest neighbors, and the vertical axis represents the number
of identical atomic AA nearest neighbors at each level.
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A binary n =35 SQS: One consecutive

1dent1cal atoms

Two consecutive
1dcnt1cal atoms

Three consecutive

T ns ive
1dcnt1cal atoms wo consecutive

Onc ldcntlcal atoms

OOOOOOOOOQOOOOOOOOOOOOOOOOOQOOOO

Five conaecutwe Five consecu‘mve Three consecutive ~ Two consecutive O ® Two consecutive One One One
identical atoms identical atoms identical atoms identical atoms identical atoms
(a) —
Consecutl;/eeqildeennctelcal atoms 5 O/O 4 OO 3 O/O 2 O/() 1 (j/()
Amount 1 0 1 2 4
12 12
(b) (c)
101 10
—=—n=3
n=4
8r n=>5 8
[ f—
§ n==6 =
< 6f S 6f
& ~
g 4r E 4r
2 2F
or or
1 1 1 1 1 1 1 1
0.5 1.0 1.5 2.0 2.5 0 2 4 6 8 10 12
In(k) n

Fig. 5. (a) Schematic illustration of a binary n = 5 SQS, showing the statistics of consecutive identical-atom sequences with different lengths.
(b) The logarithm of the number of consecutive identical-atom sequences of length InR;(a). The vertical axis is InR;(a), and the horizontal
axis is Ink, where k denotes the number of atomic species. Different curves correspond to SQSs with different values of n. (c) The vertical axis
is InR;(a), and the horizontal axis is n. Different curves correspond to different values of k.

By counting the numbers of consecutive identical-atom
subsequences of different lengths in all SQS structures (shown
in Fig. 5), we find that the data form an approximately straight
line in a logarithmic plot. This indicates that the number of
such subsequences follows a relation of the form number = k",
depending only on k and n and being independent of the atom
species. Through further analysis, the following relation can

be proven:
1, l=n,
|R| =< k—2, I=n—1, (5)
(k—1)%"1=2, 1<I1<n-2

where |R;| denotes the number of consecutive identical-atom
subsequences of length /. This property can be understood as
follows.

For [ = n: each n-body configuration appears exactly once
in an SQS; therefore, there is only one consecutive A-atom
subsequence of length #.

For | = n—1: according to Eq. (4) in property 1, each
(n—1)-body composed of (n— 1) A atoms appears exactly k
times in an SQS. In the n-body A”, A"~! appears twice, but
these two occurrences are not consecutive subsequences of
length n — 1. Therefore, the number of consecutive A-atom
subsequences of length n — 1 is k — 2.

For | <n-—2:
length [ must take the form xA'y with x,y # A, because oth-

a consecutive A-atom subsequence of

erwise the length of the consecutive A block would exceed /.

Since every length-n sequence appears exactly once in an SQS,
fixing a length-/ consecutive subsequence together with its left
and right neighboring atoms and the remaining n — [ — 2 posi-
tions to the right uniquely determines a length-n sequence. For
1 <1 < n—2, the two boundary sites can each be chosen from
k — 1 non-A atom types, while the remaining n — [ — 2 sites
can take any of the k symbols. Thus, the number of length-n
sequences containing A’ as a consecutive block is

X Al

~~

k—1 choices

y 2122 -+ - Zn—1-2;
~—~

k—1 choices jn—1-2 choices

which yields (k—1
of these sequences appears exactly once in the SQS, and hence

)2k"~'=2 possible length-n sequences. Each

the number of consecutive A-atom subsequences of length / is
also (k— 1)2k"~!=2. This proves Eq. (5). Clearly, the same
conclusion holds for any atom type.

3.3. Applications in the Kronig-Penney model

To demonstrate the configuration effect in the disordered
structures, we employ the Kronig—Penney model to investigate
the electronic properties of the generated SQSs. The Hamilto-
nian is given by

0, atom A,

. R 42 Uy, atomB
A=—— —1V(x), V(x)={_" 6
2m dx? (x) (x) 2Uy, atom C, ©

“ey

076102-6



Chin. Phys. B 35, 076102 (2026)

——Ground state

—— 1th excited state n =2 n=3 n=4
(a) 2th excited state (b) (C)
0.8 ——3th excited state 1.2 0.81 Ground state
——4th excited state Ground state —Tth excited state
0.7 1th excited state 0.7f 2th excited state
N 1.0 2th excited state ——3th excited state
= 0.6 ;’ ——3th excited state 2 06 ——4th excited state
& g 0.8 ——4th excited state B
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z 04 Z 06 2 04
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< 2 04 g 03
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£ 02 £ £ 02
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0 1)
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Fig. 6. (a)-(f) Wavefunctions and density of states (DOS) of SQSs with n = 2 ~ 7, respectively. In each panel, the first subplot shows the squared

modulus of the wavefunctions of the lowest five states (i.e., the probability density), where the vertical axis represents |y (x)

| and the horizontal axis

represents the position. The second subplot displays the density of states, with the vertical axis denoting the DOS and the horizontal axis denoting the

position. The potential is set to Uy = 5 for all cases.

where m is the electron mass and Uy is the potential
parameter.?>! Taking a one-dimensional binary SQS as an ex-
ample, the potential is set to = 0 at A sites and to Uy =5 at
B sites, thereby constructing a periodic potential field. By
solving the time-independent Schrodinger equation under pe-
riodic boundary conditions, the eigenfunctions and the density
of states of the system are obtained (Fig. 6).

For SQSs with small unit-cell sizes (Figs. 6(a)-6(c)), the
density of states still exhibits a pronounced discrete spectral
structure and displays features resembling energy bands and
quasi-band gaps. This behavior indicates that, at finite cell
sizes, the system retains a strong periodic character, and its

eigenfunctions remain spatially extended.

As n increases (Figs. 6(d)-6(f)), corresponding to an in-
creasing SQS supercell size, the density of states gradually
evolves into a quasi-continuous distribution, while the eigen-
functions exhibit pronounced spatial localization, primarily
confined to finite potential-well regions. This evolutionary
trend can be understood as follows: SQSs with small super-
cell sizes can match only low-order correlation functions of
a disordered structure and therefore fail to adequately cap-
ture the statistical characteristics of the random potential. As
n increases, higher-order components of the correlation func-
tions are progressively satisfied, indicating that the SQS struc-
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ture gradually approaches a truly disordered system. Conse-
quently, its electronic structure exhibits characteristic features
of disorder, including a quasi-continuous density of states and
Anderson localization behavior. 3!

In conventional methods, averaging the results over many
randomly generated configurations is usually adopted for dis-
ordered systems. However, in the Kronig—Penney model, re-
sults for random configurations generally exhibit strong con-
figuration dependence and large statistical fluctuations. 3]
The SQS method aims to replace the statistical averaging over
many random configurations with a single structure that per-
fectly matches the correlation functions of the disordered sys-
tem. Because multiple different SQSs can be constructed for
a given n, the physical results obtained from different SQSs
should be consistent or differ only slightly. This consistency
ensures that a single SQS can provide a representative and re-
liable result for the disordered system. (>3]

1.4}

-+ 3QS
-+ Random structure

1.2}

1.0

0.8r

0.6

0.4r

0.2r

Ground state energy (Mean+Std)

1]

n (Lattice size = 2m)

Fig. 7. Average ground-state energy and its standard deviation for en-
sembles of SQSs and random structures with the same system size 2" as
a function of n. Blue symbols denote SQSs, and orange symbols denote
random structures. The horizontal axis represents n, and the vertical
axis represents the energy. The potential parameter is Up = 5. Addi-
tionally, due to the extremely small standard deviation of the SQS, its
error bars may appear as a single horizontal line.

In the Kronig—Penney model, we compute the mean
ground-state energy and its standard deviation for multiple sets
of SQSs and for averaging random structures (Fig. 7). For each
n, 1000 random structures were sampled for averaging. As the
number of available SQS configurations is limited for small n,
we specifically used 2, 4, and 32 SQS for n = 2,3, 4, respec-
tively. For n =5 ~ 9, the calculation was performed using
1000 SQS structures to match the sample size used for the ran-
dom structures. As the cell size increases, the mean ground-
state energies of both SQSs and random structures gradually
approach zero, indicating that they exhibit consistent lower
spectral-edge behavior in the thermodynamic limit. This is
consistent with the theoretical expectation for random poten-
tial systems: as the system size tends to infinity, the ground-
state energy approaches the minimum value of the potential
distribution, which is zero in the present model.[*8! It is note-
worthy that, for the same cell size, the mean ground-state en-
ergy of SQS is closer to the limiting value, and the energy fluc-

tuations among different SQS configurations are significantly
smaller than those of the random structures. This indicates
that, at finite cell sizes, SQS can more efficiently approximate
the statistical average of a disordered system and substantially
reduce the statistical fluctuations arising from configuration
sampling, thus providing a more efficient and stable approx-
imation to disordered structures in finite-size calculations.

301 10.7
~=-8QS: mean  —=SQS: & !
-e-Random: mean -°- Random: o

10.4

10.3

10.2

Mean state energy (Average)
Standard dev

10.1

L . . . L 0
0 10 20 30 40 50 60 70
Quantum number

Fig. 8. Mean energy and standard deviation of each energy level for en-
sembles of SQSs and random structures at n = 5. The left vertical axis
corresponds to the mean energy of the energy levels (orange symbols),
and the right vertical axis corresponds to the standard deviation (blue
symbols). Solid lines indicate SQSs, and dashed lines indicate random
structures. The potential parameter is Uy = 10.

Further, we calculate the mean energy and the standard
deviation of each energy level for different 4096 SQS con-
figurations and random structures (Fig. 8). The results show
that, for energies below the barrier height Uy, the statisti-
cal fluctuations of the energy levels among different SQS
configurations are significantly smaller than those of random
structures, whereas for energies above Uy, SQS and random
structures exhibit comparable magnitudes of statistical fluctu-
ations. This behavior can be understood from the perspec-
tive of wavefunction localization in disordered systems. In
the one-dimensional random-potential Kronig—Penney model,
eigenstates in the low-energy regime (below the barrier height)
are typically characterized by pronounced spatial localization.
This behavior can be understood in terms of wavefunction lo-
calization in a disordered system. For the one-dimensional
Kronig—Penney model with a random potential, the eigenstates
in the low-energy regime (below the barrier height) gener-
ally exhibit pronounced spatial localization,?*! leading to a
strong sensitivity of both their energies and spatial distribu-
tions to local atomic configurations. Because SQSs repro-
duce the statistical features of a disordered system within a
finite cell by matching correlation functions of different or-
ders, the statistical fluctuations arising from configurational
sampling are significantly suppressed; by contrast, completely
random structures still exhibit much larger configuration-to-
configuration fluctuations at finite sizes. When the energy
exceeds the barrier height Uy, the eigenstates progressively

s, [40

evolve into extended states,**! whose spatial distributions be-

come much less sensitive to the specific atomic arrangement,
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thereby yielding similar statistical behavior for SQSs and ran-
The above results indicate that the SQS
method can reliably describe low-energy physical quantities

dom structures.

of disordered systems that are sensitive to local configurations,
while providing a statistically stable and efficient approxima-
tion without averaging over a large number of random config-
urations.

3.4. Algorithmic efficiency analysis

In general, there are k™ possible configurations for a
structure with m sites and k kinds of components. The main
idea of generating SQS with high efficiency is the number con-
straint of many-body clusters. As shown in Fig. 9(a), the sim-

lution within 3000 s when n > 8, whereas the algorithm pro-
posed in this work can obtain solutions for # < 17 within 300 s.
In the algorithm proposed in this work, each step can accu-
rately construct an n-body term (shown in Fig. 9(b)). Conse-
quently, the many-body—constrained algorithm can construct
an SQS that perfectly satisfies the prescribed many-body in-
teractions within only a few steps. As shown in Fig. 9(c), dur-
ing the construction of SQS, the number of n-body terms in
the simulated annealing algorithm fluctuates repeatedly. This
demonstrates that, by imposing many-body interaction con-
straints, the algorithm enables extensive pruning of the config-

uration space, thereby significantly improving computational
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Fig. 9. (a) Comparison of computational efficiency between the proposed many-body-interaction-constrained algorithm and the simulated annealing
algorithm for a binary SQS. The computational time required to evaluate B(2,n) is plotted as a function of n. (b) Statistics of n-body cluster occurrences
at each construction step of the binary n =5 (B(2,5)) SQS generation. The vertical axis represents different n-body cluster configurations, with gray
and black cells indicating their absence or single occurrence within the sequence, respectively. (c) Efficiency comparison in constructing a binary
n =15 SQS. The number of missing n-body clusters is shown relative to the computational steps of the many-body-interaction-constrained algorithm

and the iterations of the simulated annealing algorithm.

4. Conclusion

In summary, we have proposed a method for rapidly con-
structing special quasirandom structures (SQSs) that perfectly
reproduce the prescribed many-body correlations. We have

successfully constructed binary SQSs matching up to 22-body
interactions, ternary SQSs matching up to 12-body interac-
tions, and SQSs for systems with higher numbers of com-

ponents. We further demonstrate that the constructed SQSs
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possess several advantageous properties: they simultaneously
satisfy all 1 ~ n-body correlations, reproduce two-body corre-
lations up to order 1 ~ (rn— 1) (for binary SQSs), and exhibit
a well-defined and universal counting rule for consecutive
identical-atom sequences. Using the Kronig—Penney model,
we find that the energies of both SQSs and random struc-
tures gradually converge to the same thermodynamic limit
This behavior indicates that the
SQS approach does not introduce any systematic bias. Mean-

as the cell size increases.

while, at a given cell size, SQSs show significantly reduced
configuration-induced fluctuations in low-energy level statis-
tics, indicating that the SQS approach provides an efficient
finite-size approximation to disordered systems. Energy-level
statistics and wavefunction analysis indicate that eigenstates
are strongly localized below the potential energy, and thus
their energies are highly sensitive to the local atomic arrange-
ment. By matching the correlation functions of disordered
structures, SQSs suppress finite-size sampling fluctuations in
this regime. At high energies, eigenstates become increasingly
extended and therefore less dependent on the specific atomic
arrangement, resulting in similar statistical behavior for SQSs
and random structures. Therefore, the SQS method developed
in this work generates high-quality SQSs with superior perfor-
mance. At finite cell sizes, it provides a stable and reliable de-
scription of low-energy electronic properties in disordered sys-
tems that are sensitive to local atomic environments, thereby
offering a solid physical foundation for efficient electronic-
structure calculations of disordered materials.

Program availability
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