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ABSTRACT: Chemical systems normally possess strong nonlinear
vibronic couplings at both zero and finite temperature. For the
lowest-order quadratic couplings, here, we introduce a squeezing
operator into a variational coherent-state-based method, Davydov
ansatz, to simulate the quantum dynamics and the respective
spectroscopy. Two molecular systems, pyrazine and the 2-pyridone
dimer, are taken as calculated model systems, both of which involve
nontrivial quadratic vibronic couplings in high- and low-frequency
regions, respectively. Upon a comparison with the benchmarks, the
method manifests its advantage for nonlinear couplings. The
squeezed bases are also proven to be applicable for the finite
temperature by adapting with the thermofield dynamics.

1. INTRODUCTION

Nuclear vibration is considered to have a significant role in
organic optoelectronic materials due to ubiquitous vibronic
coupling to electronic states." Such a regime gives rise to a
breakdown of the Born—Oppenheimer approximation, and one
would obtain a comprehensive picture from a perspective of
nonadiabatic dynamics.m Therefore, it is important to find an
approach to capture the essential physics, which can help with
the physical and chemical manipulations such as temperature
or substitution to achieve an expected feature.”* To describe
the potential energy surfaces (PES), the vibronic coupling
model was proposed as an efficient approach and has been
successfully employed in a large number of molecular
systems.®”'% In this model, electronic states are modeled as
a diabatic representation, and the vibronic couplings are
decomposed into low-order couplings in a Taylor series. The
linear vibronic coupling has been well-studied and can cause
the conical intersection (CI) of the PES and lead to a
radiationless electronic transition in the photodynamics.'""*
Moreover, the quadratic and bilinear vibronic couplings have
also attracted increasing attention recently.”'”">'* These
couplings occur in the change of vibrational frequency,
Duschinsky effect, or bilinear interstate coupling.'” It has
been found that the quadratic coupling can complicate the PES
and significantly influence the quantum dynamics and
spectroscopy such as in thymine."

It remains a nontrivial problem to describe the quantum
dynamics of the vibronic coupling model, because of the
difficulties of tackling a sophisticated system in an analytical
framework.”> In order to solve the time-dependent Schro-
dinger equation, many quantum dynamics methods with
different strategies have been proposed over the past several
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decades. For example, the multiconfigurational time-dependent
Hartree (MCTDH) method and the time-dependent density
matrix renormalization group (tDMRG) method generally use
bosonic number states to represent the vibration and are able
to provide accurate simulations.'”** In order to avoid the
exponential computational cost with the increasing dimension
of the Hilbert space, a decomposition is necessary to reduce
the high-order tensor.'®'72%*3 Another way is to describe the
vibration as a bath and focus on the reduced density matrix of
the remaining part. The master equation methods are known
as the Redfield equation and the hierarchical equations of
motion (HEOM).24_26

An alternative approach is to utilize a representation of
coherent states.”” The Davydov ansatz method mimics each
vibrational mode with a coherent state instead of using the
bosonic number state, and the Dirac—Frenkel variational
principle is employed in order to determine its time-dependent
parameters.”® The Davydov ansatz with localized coherent-
state representation (D, ansatz) has become an efficient tool
such as in the spin-boson model and the singlet fission.””*° To
improve the computational performances, there are also
extensions developed on the basis of this method. For
example, based on the D, ansatz, which has a delocalized
coherent-state representation, Werther and Grossmann biased
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the variational parameters of the coherent states and used the
Bargmann coherent state to reduce the dimension of the linear
differential equations.”’ This method has an intermediate
performance between the D; and D, ansatz.”’"** On the other
hand, when the complicated and strong quadratic couplings are
considered in the model, a tailored method would be able to
grasp more dynamics features in computational simulations,
that is, to introduce a squeezing operator into the ansatz, which
is expected to adjust the Hilbert space to be more appropriate
for the description with the coherent states. The squeezing
operator was first adopted into the D, ansatz by Grossmann et
al.*® to calculate the spin-boson model. It was also applied to
the D, ansatz to discuss the shift effect of vibrational
frequencies and describe the Morse oscillators.”**> A similar
strategy was also applied in the Gauss—Hermite basis method,
which introduces a Hermite polynomial to a Gaussian wave
function and was employed to calculate the semiclassical and/
or nonadiabatic dynamics.”*™*" In addition, the generalized
Gauss—Hermite basis, also known as the generalized coherent
state in the quantum optics literature, was developed with a
fully variational methodology for the molecular and spin-boson
dynamics.**~*

However, both the D, and D, ansatz and their squeezed
variants are hard to employ in realistic chemical systems. It is
difficult for the D, ansatz to provide a good description of the
off-diagonal coupling while it is very common in the vibronic
coupling model.”* On the other hand, the D, ansatz could not
even reflect the decoherence of the electronic density matrix,
which is inevitable while considering the finite temperature.
Recently, the multiple Davydov ansatz has been developed.
Constructed with a superposition of the single Davydov ansatz,
this method (including the multi-D; and multi-D, ansatz)
allows a description of the transition between different
potential traps and has become a powerful tool for both
diagonal and off-diagonal coupling schemes in numbers of
chemical and physical domains.”*™*® In this work, we
introduce the squeezing operator into the multi-D, ansatz,
namely, the multi-S, ansatz, to simulate realistic chemical
systems while involving the quadratic vibronic coupling.
Accordingly, the representation of the vibration becomes a
direct product of the coherent states and the squeezed states,
and both of them are determined by the variational principle.
In order to exhibit the performance of the multi-S, ansatz, two
realistic chemical molecules are simulated and compared with
the benchmark results of the MCTDH method. Moreover, the
finite temperature is taken into account to investigate its
influence using the thermofield dynamics (TFD) method.*”*®
This method was introduced to calculate the electron-
vibrational Hamiltonian by Borrelli and Gelin and was
shown to be able to circumvent multiple sampling calculations
to obtain the statistical average of observables.”” In addition,
recently, Borrelli and Gelin combined the TFD methods with
the tensor-train (TT) method, clearly demonstrating and
exhibiting its potential for numerically accurate simulations of
linear and nonlinear spectroscopy as well as quantum
dynamics.””~>* As a highly promising method, it was also
applied in the Davydov ansatz to investigate the finite
temperature effect.”

The rest of the paper is organized as follows. In Section 2,
we describe the general vibronic coupling model, the TFD
method, and the multi-S, ansatz as well as relevant observables
involved in our simulations. Considering two kinds of
molecules, the pyrazine and the 2-pyridone dimer, we exhibit
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their simulation results and discuss them in Sections 3.1 and
3.2, respectively. Finally, a conclusion is given in Section 4.

2. HAMILTONIAN AND METHODOLOGY

In this section, the model Hamiltonian, the TFD method, and
the multi-S, ansatz as well as observables of interest are briefly
described. The Supporting Information is accessible for
detailed derivations. For a realistic molecular system,
considering two electronic states, the vibrations of nuclei,
and their vibronic couplings, the model Hamiltonian can be
written as
€ 0 Y 4 .
H t %}+§qﬁ%+§(h%(%+@

%q Cpq
+ M ORSICER S
pa \pa pq

(1)
Herein, the first term represents diabatic electronic states with
energies ¢; and ¢,. b; (b,) is the creation (annihilation)
operator of the gth vibrational mode with a frequency of w,.
The third and last terms are truncations of the vibronic
couplings in a Taylor series, leading to linear vibronic
couplings and quadratic/bilinear vibronic couplings, respec-
tively. In this work, simulations referring to the LVC model
consider only the linear couplings in the Hamiltonian. If both
types of couplings are included, the model Hamiltonian is
labeled as the QVC model.

Solving the time-dependent Schrodinger equation with H,
one can obtain the wave packet propagation at zero
temperature. In order to perform the simulations at finite
temperature, the TFD method is adopted in our work. The
statistical average of observables in the framework of the TFD
is described by a modified Hamiltonian containing real and
fictitious parts:*"*’

)

where the fictitious part H can be derived from H and acts on
the fictitious states. Then, the TFD Schrddinger equation can
be written as

A=H-H

.0 N
1a—tlw(t)> = Hly(t)) 3)

Herein, the wave function

() = p(t) >0y = Y p(t)!*Inii) “

containing both real basis vectors In) and fictitious basis
vectors |ii). p(t) is the density matrix of the system. Assuming
the system evolves from the thermal equilibrium at a given
temperature T, the initial condition can be written as

ly(0)) = p(0)'/2Iry = z~"/% 4/ 2n) (s)

where Z = Tr[e™™] and p = 1/kgT. kg is the Boltzmann
constant. Then, we are able to obtain the expectation of an
observable A with eq 5

(A) = Trlp(0)A] = 27" (nlAln)e "
n (6)

and its time-dependent version
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(A(t)) = Trlp(t)A] )

Following Borrelli and Gelin, the electronic energy differ-
ence is assumed to be larger than 0.026 eV which corresponds
to room temperature.”” Therefore, the electronic subsystem
would be less influenced at finite temperature, and all of the
fictitious terms referring to the electronic part can be dropped.
Furthermore, the system is assumed to be factorized. Then, the
Hamiltonian and the initial wave function can be written as

H= Z a)qI;qTEq
q
and

Iy (0)) = le)py ID) ©)

where le) is the initial electronic state. In this case, eq 9 can be
equivalently written as a Bogoliubov transformation acting on
the vibrational vacuum state:*

(8)

Py = e~“lo) (10)
where
_ ~ i
G= _’z gq(bqbq - bqbq)
q (11)
with
Hq = arctanh(e_ﬁw‘i/z) (12)

and 10) = 100).
Instead of solving eq 3 with the initial condition eq 9, it is

more convenient to make the Bogoliubov operator act on H,
and finally, we solve the TFD Schrodinger equation with an
initial condition lp(0)) = le)l0) and a Hamiltonian which can
be written as

I Y . i % G .
A=| N + g:wq(hqhq -85 + ; - [cosh §,(5] + b,)
Pq

ﬂpq C,
[

Pra
+ sinh (b, + B)1lcosh (b} + b) + sinh (& + §)]

. o
+sinh 65 + )1 + ),

+
][cosh Hp(bp + bp)
pa

(13)

It can be seen the quadratic couplings change as a square of a
hyperbolic function, leading to a more rapid increase than the
linear couplings for those low frequencies. Therefore, while
considering the strong quadratic vibronic couplings or the low-
frequency couplings at finite temperature, it should be carefully
treated with a more tailored method. In this work, the multi-S,
ansatz is adopted which has the expression of a squeezing
operator acting on the multi-D, ansatz:

15,(£)) = S()ID,(£)) (14)
where
ID,(1)) = Y, (A,(8)11) + B(£)12))
® exp| D 4,(08] — BE(0)b, [0,
a (15)

and
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S() = exp| 2 X 05 - L0
q (16)

Herein, A;/B,, f;, and {, are the variational parameters of the
electronic states, the coherent states, and the squeezed states,
respectively. M is the multiplicity of the multi-S, ansatz. The
squeezing operator can also be regarded as a kind of
Bogoliubov operator, and it has the following properties:

$'6,8 = b, coshlZ,| + ble" sinhl¢]

(17)
and
at, +a + —ig .
$'6S = b cosh 1] + be™ sinh I (18)

with { = ICqu’Hq. Therefore, it is expected to adjust the

Hamiltonian, especially the nonlinear terms in wave packet
propagation, leading to a more “linear” Hilbert space for the
description with the coherent state. To determine the
variational parameters in the propagation, we utilize the
Dirac—Frenkel time-dependent variational principle which can
be written as™’

t
5/ Ldt=0
0

(19)
where the Lagrangian L is defined as
i i<
L={(S(t)l|—0 ——09 — HI|S,(t
$:0(573 - 25 - )0 oo

Using eq 19, one can obtain equations of motion for a
variational parameter u which can be A, B, f, or {

d oL oL

dt o™ ou* (1)

For a factorized initial condition, variational parameters
except A;(0) and B,(0) are set as zero. That is, A;,(0)/B;(0) (i
> 1), ﬂ,-q(O), and ¢, (0) (i from 1 to M, q for all vibrational
modes) are set as zero. However, in our practical calculations,
when the rigorous zero values are applied to the variational
parameters, the singularity in solving the linear equations will
be confronted. To avoid this problem, we add the initial
random noise of le| < 1073, le < 1, and le ] < 107 onto A,(0)/
B,(0), [)’iq(O), and Cq(O) (i > 1), respectively.

After obtaining the propagation of the wave function, some
observables are calculated for a comparison with the
benchmarks and an investigation of features. First, we calculate
the diabatic population of electronic states. Considering the
definition of the multi-S, ansatz, the population of the first
electronic state can be written as

P(t) = Z A;k(t) Ai(t)Rji
ji

ql

(22)

Herein, the squeezing operator is canceled in the formula, and
R;; is the Debye—Waller factor defined as

. B (OF + 18 ()P
R, = exp| ) fi(t) () - %
! (23)

Another physical quantity of interest is the spectrum
intensity, which can be calculated by the Fourier trans-
formation of the autocorrelation function as follows:

https://doi.org/10.1021/acs.jctc.1c00859
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(o) = f C(t)e™ dt
with
C(t) = (S, (t/2)IS,(t/2)) (25)

C(t) is called the autocorrelation function which is the overlap
between the initial and final state, and it is used to describe the
coherence of the system. In the experimental spectrum, lines
are broadened due to the resolution of the spectrometer.” To
reproduce this effect, a damping curve h(t) = ¢™/7 is multiplied
to the autocorrelation function, where 7 is a phenomenological
damping parameter determining the broadening of the
spectrum.

(24)

3. NUMERICAL RESULTS

In this section, two molecular systems are calculated: the
pyrazine model describing the photodynamics after excitation
from the ground state onto the zz* state, and the vibronic
coupling system in hydrogen-bonded 2-pyridone dimer
describing the vibronic spectroscopy and the excitonic transfer.

3.1. Pyrazine. To examine the performance of the multi-S,
ansatz, we calculate the pyrazine model containing the lowest
two excited electronic states. In such a molecule, vibrational
modes with the four strongest vibronic couplings lead to
ultrafast radiationless decay processes through the CI, and
other bathlike ones manifest a reducing effect in the absorption
spectrum.” Two kinds of pyrazine models are adopted from
refs 7 and 8. The former only considers the linear couplings,
but it is not the true model for the pyrazine. The latter models
the vibrational modes extending to quadratic and bilinear
terms and meets the correct features. Both LVC and QVC
models are challenging for simulations and have been used as
criteria to test the efficiency of the quantum dynamics
methods.?>*%*>738 First, we calculate two reduced-dimension
Hamiltonians involving vibrational modes vy, vy, Vg, and vy,
namely, the reduced LVC and reduced QVC model
Corresponding results of a diabatic population are illustrated
in Figure la,b, in which benchmark results for comparison are
also calculated using the Heidelberg MCTDH package.”” It
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Figure 1. Diabatic population of the nz* state of pyrazine with (a) the
reduced LVC model, (b) the reduced QVC model, (c) the full-modes
LVC model, and (d) the full-modes QVC model. Solid lines are
calculated via the multi-S, ansatz with different multiplicities, and
dotted lines are the MCTDH results.
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can be seen in the case of small multiplicity that populations
are fluctuated and less accurate. The feature of fluctuation is
related to the initial random noise of the variational
parameters, and lines become smoother and nearly coincide
with the MCTDH results as the multiplicity increases. This
shows the effectiveness of the multi-S, ansatz for both cases of
linear couplings and mixed linear/bilinear couplings.

Then, we calculate the population dynamics with full modes
in Figure lc,d. It should be mentioned that, for the QVC
model, when the strong bilinear coupling b, 9, is applied to
the multi-S, ansatz, simulations require a gradually decreasing
step size when the wave packet propagates. In the linear-
coupling scheme, when the bathlike vibrational modes are
included in the Hamiltonian, the multiplicity becomes less
demanding, and it yields a consistent result even with M = 32.
This feature can be explained by the dedamping effect which
has been discussed by Chen et al.*” However, it becomes
different when the second-order interactions are involved.
Although the multi-S, ansatz with M = 64 can obtain a
converged result for the reduced Hamiltonian, deviation and
fluctuation can be recognized when the method is employed to
the full-modes one. As the multiplicity increases to M = 128, a
good result approaching the benchmark can be obtained. As a
consequence, the multi-S, ansatz manifests its ability to
provide a reliable simulation in the population dynamics for
realistic chemical systems such as pyrazine.

For the full-modes QVC Hamiltonian, we adjust the bilinear
coupling byg;, 19, to the CASSCF value of 0.00145 eV and
employ a much larger step size, which allows us to propagate
the wave packet in a longer time scale and with a larger
multiplicity.” In this case, the diabatic population is again
calculated to compare with the multi-D, ansatz in Figure 2. It

1
(a) (b) -
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0.8 / / \
. . / 7\ \
£ 06 4 A =
© /
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S04 — 1288, — 128D,
o
256-S 256-D
0.2 2 2
— MCTDH — MCTDH
0
0 30 60 90 120150/0 30 60 90 120 150
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Figure 2. Diabatic population of the nz* state of pyrazine with (a) the
multi-S, ansatz and (b) the multi-D, ansatz. The multiplicity used is
M = 128 (blue line) and M = 256 (yellow line), respectively. For the
QVC model, the bilinear parameter b;g, 1, is adjusted to the CASSCF
value. Both results with the two methods are compared with the
MCTDH results (gray lines).

can be seen that the multi-S, ansatz provides a better
agreement with the MCTDH method. With a multiplicity of
M = 128, both the multi-S, and multi-D, ansatz underestimate
the population, but it is more obvious for the latter method. An
increase in the multiplicity for the multi-S, ansatz will reduce
the underestimation as a result of M = 256 in Figure 2a. On the
other hand, although the increasing multiplicity of the multi-D,
ansatz also reduces the underestimation, a difference can still
be clearly recognized at about 60 fs. This shows that the multi-
S, ansatz is a more appropriate choice for the chemical systems
containing quadratic vibronic couplings.

https://doi.org/10.1021/acs.jctc.1c00859
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It remains a question of how much additional computational
cost would be required with the squeezing operator introduced
into the ansatz. Table 1 lists the computational time of the

Table 1. Computational Time of the Full-Modes QVC
Model of the Pyrazine via the Multi-S, Ansatz, the Multi-D,
Ansatz, and the MCTDH Method

S, ansatz D, ansatz MCTDH
M =128 102 h 941 h
18.0 h
M =256 463 h 43.7 h

three methods using 24 CPU cores of Xeon E5-2678. It can be
seen that the multi-S, ansatz spends 10.2 and 46.3 h for M =
128 and 256 respectively, which is slower than the multi-D,
ansatz (9.41 and 43.7 h). This is because the multi-S, ansatz
introduces 24 additional variational parameters, the number of
vibrational degrees of freedom. However, the introduced
parameters are much fewer than those by only increasing the
multiplicity when AM > 1. For example, from M = 128 to M =
256, both ansatz will introduce 3328 additional variational
parameters. Because both ansatz have the same time
complexity (the time complexity of solving linear differential
equations), introducing the squeezing operators to the ansatz is
affordable to approach the benchmark results for the pyrazine
QVC model.

Figure 3 plots the average value of the absolute squeezing
parameters within 150 fs with two kinds of the full-modes

0BT T T T T T T T T T T T T T T T T T T T T T T

0.4F b
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0

123456789
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12
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Index

3456789

Figure 3. Average absolute squeezing parameters within 150 fs with
(a) the full-modes QVC model and (b) the full-modes LVC model.
For the QVC model, the bilinear parameter byg, o, is adjusted to the
CASSCEF value, and the multiplicity used is M = 128. For the LVC
model, the multiplicity used is M = 48.

models, where the multiplicity is M = 128 and 48, respectively.
The time evolution is also shown in Figures S1—S4. It can be
found that the squeezing parameters are larger and have a
more important role for the QVC model, due to the quadratic
vibronic couplings. On the other hand, for the LVC model in
Figure 3b, there are also nonzero squeezing parameters even
without the nonlinear couplings. In Figure 3b and Figures S3
and S4, it can be found that, for the first vibrational mode v,
the squeezing parameter is activated in the early stage and has
an oscillating motion with the wave function propagating. The
squeezing parameter of the second mode v, has a little slower
activation compared with v,,,. Other vibrational modes exhibit
a very small value within the evolutionary time scale, which
may be because of the relatively smaller coupling constants.
We then focus on the autocorrelation function and
spectroscopy of the QVC model with the same case as that
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in Figure 2. It is found in Figure 4a that a larger multiplicity
leads to a more self-consistent result. For M = 96 and 128, the

0.3

T
| (@) —M=32 —M=128 (b)
\ M =64 - -MCTDH —M=32
0.2 \ M =96 M =64
\ M\ — M =96
o1t | | \
VA \A/\W s
— O
= 0 >
O 03 l [
‘ L
| £
0.2 l
o |
0
0 50 100 150 220 240 260 280
Time (fs) Wavelength (nm)

Figure 4. Absolute autocorrelation function and absorption spectrum
with (a, b) the reduced QVC model and (c, d) the full-modes QVC
model. Solid lines are calculated via the multi-S, ansatz with different
multiplicities, and dotted lines are the MCTDH results. In the second
column, the damping parameter 7 is taken as 30 fs for the reduced
model and 40 fs for the full-modes model. Each spectrum has been
shifted for a clearer comparison.

autocorrelation functions converge in the early stage and
slightly differ after about 120 fs. As the multiplicity decreases
to 64 and 32, this difference appears earlier at about 90 and 68
fs, respectively. However, when the autocorrelation functions
are transformed into the frequency domain to obtain the
absorption spectra, all of them show good convergence even
for the smallest multiplicity. The absorption spectrum
manifests a quicker convergence than the population dynamics
and the autocorrelation function, and this feature is also
reflected in Figure 4c,d. The autocorrelation function
calculated with M = 192 shows good agreement with the
counterpart of M = 256, but a slight difference can still be
spotted in the latter stage, while smaller multiplicity leads to an
earlier difference. With a comparison of the results of the
MCTDH method, although the results have good consistency
between two methods for the reduced Hamiltonian, there are
still differences even with M = 256 for the full- modes one. As
the Fourier transformation is applied to the autocorrelation
function, the spectra again exhibit a good convergence.
Therefore, when using the multi-S, ansatz to simulate the
spectroscopy, it is tolerant for the multiplicity. On the other
hand, if one would like to quantitatively investigate the
population dynamics and the autocorrelation function, a larger
multiplicity is necessary to obtain reliable results.

Based on the results of Figure 4, finite temperature is taken
into account, and the corresponding results are illustrated in
Figure S. First, we focus on the absorption spectrum of the
reduced and full-modes QVC model in Figure Sa,b. Herein,
the multiplicity is taken as M 128 for both model
Hamiltonians. For the full-modes model, only the four
strongest vibrational modes (v, vy, Vo, and vyy,) and others
with a frequency smaller than 0.1 eV are adopted into the TFD
framework for a more affordable computational cost. It is
found that, with increasing temperature, the intensity of the
absorption spectrum has a slight decrease but hardly shows
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Figure S. Absorption spectrum with (a) the reduced QVC model and
(b) the fullmodes QVC model, where the damping parameter 7 is
taken as 30 and 40 fs, respectively. Each spectrum has been shifted for
a clearer comparison. Absolute autocorrelation function with (c) the
reduced QVC model and (d) the full modes QVC model. The inset
plots the average value of the absolute autocorrelation function within
150 fs.

other changes. This is because of the high-frequency
vibrational modes reflected as the very small 8, in the model
Hamiltonian, for which phonons are inactive to be excited even
at a high temperature. On the other hand, the corresponding
autocorrelation function shows similar features in Figure Sc,d.
For the reduced model, although the line shape has no
changes, a decreasing amplitude is visible as the temperature
increases. We average the absolute values within 150 fs and
plot them in the inset, showing a decay from 0.1 to 0.093. For
the full-modes model, the results have not converged but can
provide us a qualitative perspective. As the bathlike vibrational
modes are included in the model Hamiltonian, a stronger
decay is found from 0.067 to 0.05S. Recently, pyrazine has
been used for the diradical materials with a triplet ground
state.”” As pyrazine possesses thermal stability, it may be
prominent for many applications such as triplet—triplet
fluorescence.

3.2. 2-Pyridone Dimer. In the second part, we choose
another molecular model 2-pyridone dimer which is
abbreviated as (2PY),. The model Hamiltonian of (2PY),
was parametrized by Kopec at al.'” to simulate the vibronic
spectroscopy and later used to investigate the excitation
transfer behavior by Goswami et al.”> As the vibrational modes
with a high frequency are reduced into the prequenched
excitonic splitting, the model can provide a perspective of the
influence of those low-frequency ones at zero and finite
temperatures, which are relevant to the intermonomeric
modes. First, Figure 6 illustrates the reproduced results of
the diabatic population for both delocalized and localized
excitation within two types of models, namely, LVC and QVC.
Herein, for the delocalized excitation, the initial condition is
prepared as B;(0) = 1. For the localized excitation, the wave
packet propagation is started from A,(0) = B,(0) = 2 /2,
and the population is measured with the basis
J2/2(11) — 12)). However, in our simulations, a unitary
transformation
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Figure 6. Diabatic population (a) for delocalized excitation with the
LVC model, (b) for localized excitation with the LVC model, (c) for
delocalized excitation with the QVC model, and (d) for localized
excitation with the QVC model. Solid lines are calculated via the
multi-S, ansatz, and dotted lines are the MCTDH results.%*

1[ﬁﬁ ]
p=_—

T2

V2 -2 (26)
is applied onto both the Hamiltonian
H' = PHP™' (27)
and the initial condition
15;(0)) = PIS,(0)) (28)

for convenience. The multiplicity used is M = 32, and the
MCTDH results are adopted from ref 62. One can find a good
agreement between the results of the multi-S, ansatz and the
MCTDH method even until a picosecond. It is natural because
the Hamiltonian parameters are relatively smaller than in the
pyrazine, and thus the simulations are able to converge at a
larger time scale. While considering the QVC model in Figure
6¢, a stronger dephasing—rephasing crossing can be clearly
seen in the quick oscillation, and its second occurrence is
deferred to about 0.8 ps compared to the LVC result. This
feature is caused by the negative quadratic couplings, which
equivalently decrease the vibrational frequencies, leading to the
vibronic couplings being stronger and the slow oscillation
being slower. A similar phenomenon can be recognized for the
localized excitation in Figure 6d.

Having proved the effectiveness, we then take the finite
temperature into account. Because vibrational modes with a
higher frequency have fewer influences as the temperature
increases, the prequenched excitonic splitting can be
approximately regarded to have no changes, and the TFD
method can be directly employed for the model Hamiltonian.
Figures 7 and 8 illustrate the vibronic spectra with the LVC
and QVC model, respectively, where the main peak of each
line has been normalized and shifted to 0 cm™. Overall, as the
temperature increases, more phonons will be excited, and the
relative intensity of the side peaks will be enhanced compared
to the main peak. First, we focus on Figure 7. Herein, the
multiplicity is taken as M = 32, 96, 96, and 128 from 0 to 300
K. When T > 0, two peaks at about —10 and —25 cm™" appear
which are invisible at zero temperature. The finite temperature
also manifests a broadening effect, but even for T = 300 K, the
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Figure 7. Vibronic spectrum with the LVC model at different
temperatures. The damping parameter is taken as 7 = 2.5 ps.
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Figure 8. Vibronic spectrum with the QVC model at different
temperatures. The damping parameter is taken as 7 = 2.5 ps.

side peaks present a good line shape and are well-spotted.
However, some of the weak peaks are mixed with the thermal
noise, leading to difficult recognitions in practical detections.
The broadening effect can also be found in the simulations
of the QVC model but is seen to be much stronger in Figure 8.
For T = 100 and 200 K, the side peaks are still distinguishable.
As the temperature rises to 300 K, the side peaks are mixed
with neighboring peaks and the thermal noise, and only those
with a large intensity can be recognized. Similar to the results
of the LVC model, the two peaks on the left of the main peak
also appear at finite temperature but show an obvious red shift.
This effect may be due to the fictitious quadratic couplings and
can be utilized as evidence of whether there are strong
quadratic couplings in a molecular system, which will be the
scope in our future work. Moreover, to obtain the convergent
results in Figure 8, the multiplicity is employed with M = 32,
128, 192, and 192 at different T. Due to the negative quadratic
couplings and the temperature enhancement with the square of
a hyperbolic function, the QVC model is more computation-
ally demanding than the LVC one. A realistic chemical system
might involve more complicated interactions such as higher-
order vibronic couplings when it comes to a finite temperature.
In this case, the effect of the negative quadratic couplings
would be suppressed, leading to more affordable computations
and less broadening spectra. However, departing from
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conjecture, the multi-S, ansatz has been shown to be able to
simulate the vibronic spectroscopy even with such strong
quadratic couplings.

In Figure 9a,b, the diabatic populations are depicted with the
LVC and QVC model, respectively. In the simulations of the
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Figure 9. Diabatic population with (a) the LVC model and (b) the
QVC model. Absolute autocorrelation function with (c¢) the LVC
model and (d) the QVC model with respect to temperature.

former model, the multiplicity is employed with M = 96, 96,
and 128 from 100 to 300 K. Results in the second panel are
calculated with M = 128, 512, and 512 with respect to the
temperature. However, it should be mentioned that the QVC
results have still not converged at T = 200 (after about 700 fs)
and 300 K (after about 500 fs). Both sets of the results show
that the temperature effect begins to influence the system after
about 60 fs, which is relevant to the vibrational modes v, and
V1e’> With T increasing, the population experiences stronger
damping as the oscillation is weakened, which is seen to be
more obvious for the QVC results. When the temperature rises
to 300 K, both the LVC and QVC populations approach their
thermal equilibrium. Furthermore, we also show the
corresponding autocorrelation function in Figure 9¢,d. Herein,
zero-temperature results with the same condition as in Figure
6a,c are also depicted. When T = 0, the system maintains a
good feature of coherence which oscillates around 0.4 and 0.3,
respectively. The finite temperature begins to affect the
autocorrelation function earlier than the populations and
leads to a decoherence effect. This feature is stronger at a long
time scale. For the two types of models, a temperature up to
300 K finally makes the autocorrelation function decay to
nearly zero. In addition, from a computational viewpoint,
although the multiplicity employed is same as the case of the
diabatic population, a better convergence is found for the
autocorrelation function of the QVC model at T = 200 and
300 K. This is because eq 25 uses the wave function at time £/2
rather than t. However, it also requires a larger multiplicity
compared to the vibronic spectroscopy.

4. CONCLUSION

By introducing the squeezing operator into the multiple
Davydov ansatz, we proposed the so-called multi-S, ansatz for
an accurate dynamics simulation in the presence of nonlinear
vibronic couplings. Two realistic chemical systems, the
pyrazine and the (2PY),, were calculated to exhibit its
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efficiency and accuracy. The results suggest that the multi-S,
ansatz is able to provide reliable simulations for both the LVC
and QVC models, which are in agreement with the diabatic
population of the MCTDH method. It is found that the
population and the autocorrelation function are more
demanding on the multiplicity. However, while focusing on
the spectroscopy, a small multiplicity is adequate to obtain the
convergent result. The finite temperature was also taken into
consideration thanks to the TFD method. For the pyrazine,
due to the high-frequency vibrational modes of the system, the
absorption spectrum and the autocorrelation function manifest
thermal stability as the temperature increases. On the other
hand, the temperature effect is more influential for the (2PY),
because of the low vibrational frequencies. Besides intensifying
and broadening the vibronic spectrum, the finite temperature is
relevant to the side peaks on the left of the main peak and leads
to a red shift effect for the QVC model, which might be
evidence of the quadratic couplings in the vibronic spectros-
copy. In addition, the finite temperature will give rise to a
damping effect and decoherence in the population and the
autocorrelation function, which become stronger while
involving the quadratic couplings in the system.
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