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ABSTRACT:The tunable properties of materials originate from
variety of structures; however, it is still a challenge to give an
accurate and fast evaluation of stabilities for screening numerous
candidates. Herein, we propose an atom classi� cation model to
describe the multicomponent materials based on the structural
recognition, in which the atoms are classi� ed to estimate the total
energies. Taking two-dimensional planar C1� xBx and C1� 2x(BN)x
as examples, we have found that the test error of total energies is
about 3 meV per atom. Notably, the distributions of classi� ed
atoms demonstrate the evolution of con� gurations as a function of
temperature, providing a clearer picture of phase transition. In
addition, our method is universal, which can be� exibly extended
to the bulk structures with more components.

� INTRODUCTION

The properties of materials depend on the dimension of
materials and local distribution of corresponding atoms.1� 3

Novel physical phenomena have been revealed in low-
dimensional materials because graphene was peeled o� ,4

such as the quantum spin Hall e� ect5,6 and two-dimensional
(2D) superconductivity.7,8 In addition to the dimension
reduction, alloy engineering9 is another important avenue to
explore new materials under ambient conditions. Boron�
carbon binary alloy and boron� carbon� nitride (BCN) ternary
alloy show wide variety of physical and chemical properties
because of the variety of structures.10� 12 Recent experiments
focused on 2D hexagonal graphene-like structures, such as the
heterostructures of graphene and hexagonal boron nitride.13

On the substrate of Ru(0001), the order� disorder phase
transition was observed in 2D BCN alloy.14

Theoretically, the� rst-principles calculations based on
density functional theory (DFT)15 are powerful to predict
the properties of materials accurately and accelerate the
discovery of new materials greatly.16� 18 However, it is di� cult
to directly simulate all possible con� gurations of multi-
component materials using the DFT calculations because of
numerous isomers. To describe structural stabilities, cluster
expansion (as implemented in ATAT19) is an e� ective method
to construct the model Hamiltonian with the accuracy of the
DFT calculations, where the selection of leading parameters is
important to predict the unknown ground states.20 With the
total energies from cluster expansion combined with� rst-
principles calculations, the phase diagram of BCN monolayers
has been studied by the Monte Carlo simulation.21 Theoretical

predictions showed that most of C1� 2x(BN)x structures possess
direct band gaps within the optical range, which can potentially
be used in the solar-cell device with high-e� ciency
conversion.22 In addition, zigzag boron nitride nanoribbons
with edge functionalization have been found to be the potential
new nanoelectronic and nanospintronic devices because of
their half-metallic states.23

In general, total energies and other properties can be
correlated with the sampling con� gurations to determine the
parameterized model by minimizing the� tting error while the
parameters in the model are hardly corresponded to any
quantity in the DFT calculations. In this paper, we have
developed an atom classi� cation model (ACM) to describe the
structural stabilities for C1� xBx and C1� 2x(BN)x hexagonal
structures, where the test error of total energies is about 3 meV
per atom. The parameters in the model can be re� ected by the
charge distributions as an evidence to show the physical
connotation, according to which the number of parameters can
be reduced without remarkably decreasing the accuracy. In
addition, the probability distributions of motifs show a direct
picture of the con� guration evolution as a function of
temperature, serving as the role of order parameters.
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� METHOD
The main idea of ACM is to classify each atom based on its
neighboring con� gurations, which is countable because the
atoms are initially at thelattice sites. Taking the graphene
doped by a boron (B) atom as an example, the Hirshfeld
analysis24 indicates that the charge on carbon (C) atoms far
away the B atom is 4.00e, which is the same as in the pure
graphene, while the charges are 4.18e and 3.95e for carbon
atoms at the nearest neighboring (NN) and next-NN (NNN)
to the B atom (shown inFigure 1a). When doped by three B

atoms shown inFigure 1b, the NN bonding con� gurations of
B1 and B2 are the same, but the charges are 2.89e and 2.96e
because there are all carbon atoms for B2 while there is one
boron atom for B1 at the NNN site. In multicomponent
materials, the total energies and electronic properties depend
on the charge distribution, which is determined by the
con� guration of atomic local bonding. With the concept of

“environment”, all the interactions within the cut-o� radius are
included, and the total energies can be expressed by the
summation of all atomic contribution. Note that the charge
distribution can be preclassi� ed by the local bonding
con� gurations based on the lattice symmetry, where the cut-
o� radius for the classi� cation should be tested according to
the � tting error.

We have performed a high-throughput� rst-principles
calculations based on the structural recognition, focusing on
C1� xBx and C1� 2x(BN)x monolayers. For the given structures,
the � rst-principles calculations were performed using the
Vienna Ab initio Simulation Package (VASP).25,26 The
projector-augmented plane wave approach27 was adopted
with the Perdew� Burke� Ernzerhof of generalized gradient
approximation functional.28 The energy cuto� of the plane
wave was 480 eV, and the criteria of the energies convergence
were set to be 0.001 eV in self-consistent calculations. The
Brillouin zone was sampled with allowed spacing betweenk
points in 0.2 Å� 1, with � -centered Monkhorst� Packk-point
grid for high-throughput calculations. For the stable structures
with speci� c properties, the atomic positions and lattice
constants are fully relaxed, until the forces were less than 0.02
eV/Å.

To maintain the structural diversity of candidates, we have
enumerated C1� xBx and C1� 2x(BN)x monolayers with various
atomic compositions and distributions, using the package of
Structures of Alloy Generation And Recognition (SAGAR)29

developed in our group. The possible supercells with given
sizes can be generated using hermite normal form matrices,30

where the unique supercells are kept according to the
congruence check. With a given supercell, all the isomers
with possible compositions are also enumerated, and the
unique con� gurations are generated based on the structural

Figure 1.Hirshfeld charge at some speci� c atoms in boron-doped
graphene: (a) BC71, (b) B3C69. The C and B atoms are marked with
golden and green, respectively. The orange and gray circles represent
the NN and NNN regions, respectively.

Figure 2.Atom classi� cation for total energies: (a) Eight kinds of atomic motifs for the NN cut-o� ; (b) an example of boron-doped graphene with
possible kinds of atomic motifs. The test error distribution, as well as the consistency ofEest predicted by the model andEref from the DFT
calculations of (c) C1� xBx and (d) C1� 2x(BN)x.
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recognition. Our previous studies showed that the structural
recognition can be achieved by either the distance matrices31

or the symmetry operation table.32

� RESULTS AND DISCUSSION
Following the procedure of ACM, the energies of possible
candidates are the linear contributions of atomic motifs with
various bonding environments, expressed as:E i

N
i i1

m �= � �= ,
where� i is the contribution ofi-th motif,� i is the number ofi-
th motif in the structure, andNm is the number of possible
motifs. For the B-doped graphene, we can divide the atoms
into two kinds, that is, B and C, when the neighboring
environments are not considered. As shown inFigure 2a, there
are eight kinds of unique atoms, when the cut-o� radius is set
to nearest neighbors while the number of kinds is 208 with the
cut-o� radius up to next-nearest neighbors. To optimize the
energy parameters, we have performed the� rst-principles
calculations of 17 010 C1� xBx (0 � x � 1) monolayer
con� gurations (an example with the classi� ed atoms shown in
Figure 2b), including the supercells of hexagonal lattice with
the unit cell sizes from 1 to 8. To avoid the over� tting, theL2

regularization33 is adopted with the matrix form of regression:

f A E( ) 1
2

2

2

2

� = � Š + �� , where � is the suitable

regularization parameter andA is the 2D matrix whose each
row is the identi� cation of monolayers. Minimizingf(� ), the
optimum parameter� is � = (ATA + � I)� 1AE, which can be
solved by the gradient descent algorithm or least angle
regression algorithm, if the size ofA is large.

In order to get the proper model parameters, we take 70%
data as the train set to obtain� with regular parameter� =
0.01, and the remnant data are test set to verify our model.
Figure 2c shows that the train error and test error are 3.05 and
3.25 meV/atom, respectively, indicating the good accuracy of

our model Hamiltonian. Furthermore, the test error will be
3.91 (3.37) meV/atom, if we take 10% (40%) data for training
and the remnant data for testing, demonstrating the robustness
of this model. Additionally, we have performed the similar
calculations on the 15 840 C1� 2x(BN)x (0 � x � 1) monolayer
con� gurations with the unit cell sizes from 2 to 6, shown in
Figure 2d. The train error and test error are 4.23 and 4.26
meV/atom, respectively, revealing the transferability of our
model for the multicomponent materials.

In most cases, the� tting can be improved by increasing the
number of parameters, and selecting the key parameters will
enhance the e� ciency. The error for the C1� xBx monolayers is
9.31 and 3.05 meV/atom with 8 and 208 parameters,
respectively (classifying atomic motifs by the NN and NNN
environment), indicating the atomic distributions of next-
nearest neighbors are dominant to total energies.Figure 3a
shows the dependence of energy parameters (with the NNN
cut-o� ) as a function of the Hirshfeld charges of the C atoms,
where there is approximately a linear dependence of
parameters on the charges for each C group with the NN
cut-o� . Considering the next-nearest neighbors, there are 16 or
36 more kinds of atoms (Sj

i) for each one of eight groups (Fi,
i.e., B/C-1,2,3,4 shown inFigure 2a) with the NN cut-o� ,
whereSj

i means thej-th kind of atom derived from the samei-
th kind of atomFi. We can introduce a vector ofN, whereNj =
0 indicates thatSj

i = Fi andNj = 1 forSj
i � Fi. In such a case,

there are 2208 kinds of possible parameter selections, and we
have employed a Monte Carlo tree search method34,35 to
reduce the number of parameters in the energy model.

TakingNj = 0, j � [1, 208] as the� rst layer of the Monte
Carlo tree, we can randomly chooseNj = 1 to obtain the
second layer. Similarly, all the layers of tree can be obtained by
addingNj = 1 from the above layer. For a given vector ofN, we
can calculate all cross-validation error (Eerror

CV), where the
branches in the next layer of tree are expanded, according to

Figure 3.Atom classi� cations for� tting total energies: (a) the parameters as a function of charges; (b) Monte Carlo tree search for the key
classi� cations; (c) the parameters of B/C-centered motifs as a function of C/B atoms in various motifs; (d) C-centered motifs, with the most/least
stable ones marked in blue/red background.
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the probability in proportion ofP = exp(� Eerror
CV/ T). The

parameterT is used to balance the width and depth of the
search, which will decrease in the search process to� nd the
optimum combination of parameters. The� tting is gradually
improved as the number of parameters increases, and the
cross-validation errors are minimized with given number of
parameters from 15 to 200. As shown inFigure 3b, we can use
only 50 parameters to obtain a good� tting with the cross-
validation mean absolute error of 4.04 meV/atom of the 17
010 con� gurations data set. Based on the cluster expansion,21

the cross-validation error was found to be 6 meV/atom, using a
data set of 307 structures.

Figure 3(c) shows the parameters for B/C-centered motifs
with various bonding environments. The C-centered param-
eters will increase as the number of B atoms increases, which
indicates that the B-doping on a perfect graphene will be less
stable as the number of carbon decreases. Meanwhile, the B-
centered parameters will decrease as the number of C atoms
increases, which is also self-consistent in our model. According
to the C-centered substructures (shown inFigure 3d), we can
conclude that the B atoms tend to be far away from each other
(marked in blue) because the clustering of B atoms will induce
considerable positive contributions to the total energy (marked
in red). Thus, the energy parameters in ACM will give a better
understanding of the structural stabilities of C1� xBx mono-
layers.

In the following, we will demonstrate that the key atomic
motifs with speci� c bonding environment can describe the
structural evolution as a function of temperature. The total
energies can be accurately estimated with ACM in an e� cient
way, and the phase transition can be further studied with the
Monte Carlo simulation. Taking the C3B phase as an example,
we have constructed a C180B60 hexagonal monolayer with
random distributions of B and C atoms, with temperature
annealed from 6000 to 50 K, and 106 Monte Carlo steps are
used at each iteration to ensure the thermal equilibrium. The
probabilities of motifs are found to evolve with the
temperature, as shown in theFigure 4a. At high temperature,
the probabilities of motifs are even, which corresponds to the
random distribution of B/C atoms. As the temperature
decreases, two B/C-centered motifs become dominant
(shown inFigure 4b), which will compose the order structure
of C3B. Thus, the probability distributions of motifs can serve
as the order parameter in the order� disorder phase process,
distinguishing the local characteristic of motifs.

For the C1� 2x(BN)x monolayers, the previous study showed
the critical temperature of complete miscibility around 3500
K.21 Herein, we have constructed a C120B60N60 hexagonal
monolayer to study the structural evolution under various
temperatures. The total energies are estimated by ACM with
the NN cut-o� , and 106 Monte Carlo steps have been taken for
the thermodynamic equilibrium. As shown inFigure 5, there is
a clear phase separation in the stable structure of
heterographene at low temperature. The system will become
miscible when the temperature increases from 0 to 5000 K,
where the regions of complete graphene and BN vanish
gradually. With the NN cut-o� , we have determined 30
nonduplicated motifs, whose variation of probabilities shows a
clear picture of the phase transition. At low temperature, there
are three C atoms at the nearest neighbors for most C atoms,
and B/N atoms are energetically preferable at the nearest
neighbors of N/B atoms. Thus, there are three motifs (7th,
20th, and 21st) with high probabilities of ensemble average.

With the increasing of temperature, there is a dramatical
decrease in the probabilities of 20th and 21st motifs, with the
vanishing of BN region. The sites in the C120B60N60 system will
be randomly occupied by B/C/N atoms,36 therefore, the 5th,
18th, and 26th motifs, which satisfynB/ nN/ nC = 1:1:2, will be
of high probability at high temperature. The probability of 7th
motif is also decreased while that of the 5th one is increased,
indicating that two outer C atoms of 7th motif are gradually
replaced by B and N atoms. The probabilities of all motifs are
calculated at high temperature limit (plot in red), which is in
agreement with the results of Monte Carlo simulation atT =
4800 K.

Analogous to Special Quasirandom Structures,36 we have
obtained the representative structures based on the motif
probability with the frame of ACM.Figure 6shows the
electronic band structures of the representative structures at
ensemble equilibrium with various temperatures. The primitive
cells are used for the ordered structures atT = 0 K, and the
supercells are used for high temperature. C180B60 is semi-
conducting with the gap of 0.543 eV atT = 0 K, and the band
gap will vanish with the increasing of temperature. Drastic
atomic exchange because of high temperature will signi� cantly
in� uence the atomic distribution, which causes the transition
from the semiconductor to metal. For C120B60N60, it is
semimetallic atT = 0 K. At higher temperature, the
C120B60N60 structures will become metallic because of the
irregular atomic distribution.

� CONCLUSIONS
In summary, we have proposed an ACM to describe the
structural stabilities, where the test error of the C1� xBx and
C1� 2x(BN)x monolayers is only 3 meV. Note that the
parameters in our model have a positive correlation with
charge distribution and the number of parameters can be
further reduced maintaining the good accuracy. The key motifs

Figure 4.Structural evolution of C3B: (a) the probabilities of C/B-
centered motifs; (b) the ordered structure of C3B and the key motifs
are marked with the two circles.
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will facilitate the searching of stable structures and serve as the
order parameters to provide a clear picture of structural
evolution at various temperatures.
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