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Abstract
Transition of a system between two states is an important but difficult problem in natural science.
In this article we study the transition problem in the framework of transition path ensemble.
Using the overdamped Langevinmethod, we introduce the path integral formulation of the
transition probability and obtain the equation for theminimum action path in the transition path
space. For the effective sampling in the transition path ensemble, we derive a conditional
overdamped Langevin equation. In two exactly solvable models, the free particle system and the
harmonic system, we present the expression of the conditional probability density and the explicit
solutions for the conditional Langevin equation and theminimum action path. The analytic
results demonstrate the consistence of the conditional Langevin equation with the desired
probability distribution in the transition. It is confirmed that the conditional Langevin equation is
an effective tool to sample the transition path ensemble, and the stationary action principle
actually leads to themost probable path.

1. Introduction

Transition of a system froman initial state to afinal state is one of themost important phenomena in nature.
Understanding the pathways andmechanisms of transition phenomena like structural transformation, phase
transition and chemical reaction has been of great interest in natural science. Effective approach to the transition
problem, especially to the dynamics of rare events, still remains a difficult task.

A famous theoretical framework to study the transition problem is offered by the transition state
theory [1–5]. Transition state, usually determined by a saddle point of the potential energy surface, is the
key idea of this framework. The transition path generated by the transition state theory is usually the
minimum energy path crossing the transition state [6, 7]. Two classes of methods of searching the
transition state andminimum energy path on the potential energy surface are widely used, the nudged
elastic bandmethod [8, 9] and the energy surface walking methods [10, 11]. However, the minimum
energy path does not always work when the transition state is not exactly a saddle point on the potential
energy surface [7]. Another popular approach to themost probable path is the minimum action path
[12–16]. In this framework, an action as a functional of the transition path should be defined, e.g., the
famous Onsager-Machlup action [17, 18]. This action functional is directly related to the statistical
weight for a certain transition path. The minimum action path, which has the largest weight associated
with the action functional, can then be derived from the variational principle. For the systemwith
complex energy landscape such as material system [19–22], determination of the most probable path is
still challenging.

Transition path samplingmethod [23–29] provides an alternative view to the transition problem.Not
limited to a certain path, the dynamic information in the transition is generated from sampling the ensemble in
the space of all possible transition paths. The distribution or the statistical weight for a path, like that associated
with the action functionalmentioned above, plays a key role in the sampling. Techniques such asMonte Carlo
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are employed. Since the Langevin approach to the transition problemhad been introduced for a long time [30],
onewill expect the application of Langevin dynamics in transition path sampling. Recently, a overdamped
Langevin basedmethod in the framework of transition path ensemble is proposed [31–35], which avoids the
drawback ofMonteCarlo that generating highly correlated trajectories. Thismethod adopts the concept of
Langevin bridge in themathematical literatures [36, 37]. The transition probability of the systemdriven by
overdamped Langevin equation is related to the propagator in the path integral formulation [38–44]naturally.
Given the initial state, thefinal state and the transition time, a conditional overdamped Langevin equation is
constructed as a stochastic description of the transition paths.Hence, it provides an effective stochastic
differential equation to sample the transition path ensemble.

In this article, we follow closely the derivations in [31–35] to analyse the transition path ensemble andmost
probable path of two exactly solvablemodels, the free particle system and the harmonic system. For the sake of
simplicity, we discuss the result of one-dimensional system. The extension to generalmulti-dimensional case is
straightforward. In section 2, we introduce the path integral formulation of the transition probability and show
the equation for theminimumaction path. A conditional overdamped Langevin equation, which produces the
desired probability distribution in the transition, is obtained in section 3. The detailed analyses of the effective
probability distribution, Langevin equation and themost probable path for two exactly solvablemodels are
presented in section 4. Conclusions are outlined in section 5.

2. Path integral formulation

Overdamped Langevin equation is suitable for transition problem, compared to the time scale of the usual
underdamped Langevin equation. In this article we study the systemdriven by overdamped Langevin equation
in the form

( ) ( )dx

dt m

U

x m
t

1 2
. 1

g b g
h= -

¶
¶

+

Herem is themass, ( )U x is the potential energy, g is the friction coefficient and k T1 Bb = with the Boltzmann
constant kB and the temperatureT. ( )th is thewhite noise random variable associatedwith theWiener process
satisfying

( ) ( ) ( ) ( ) ( )t t t t t0, . 2h h h dá ñ = á ¢ ñ = - ¢

The evolution of the system is aMarkovian process. The term
m

2

b g
associatedwith ( )th in equation (1) fulfils

thefluctuation-dissipation relation, which guarantees that the overdamped Langevin equation generates the
Boltzmann distribution in the stationary state. Rather than the stationary distribution, our interest is the
nonstationary process and the corresponding time-dependent probability density ( )x t, .r ( )x t,r evolves
according to thewell-known Fokker-Planck equation [45–50]
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Because the Fokker-Planck equation is closely related to the Schrödinger equation, we follow vanKampen [51]
to define awave function

( ) ( ) ( )( )x t e x t, , . 4U x 2y r= b

Then the Fokker-Planck equation equation (3) leads to
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This transformation had been studied for severalmodels [52–54]. It is straightforward to see that equation (5) is
an imaginary time Schrödinger equationwith theHamiltonian
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The corresponding kinetic energy and potential energy operators are
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The propagator from the time evolution equation ( ) ˆ ( )x t H x t, ,
t
y y= -¶

¶
can then be expressed as

∣ ∣ˆx e xt H
e 0

trá ñ- with the initial state x ,0 final state xe and the transition time t .tr To illustrate the relation between
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the transition probability ( ∣ )x t x, , 0e tr 0r and the propagator ∣ ∣ˆx e x ,t H
e 0

trá ñ- one should only compare the
following two statements

( ) ∣ ∣ ( )

( ) ( ∣ ) ( ) ( )

ˆx t x e x x dx

x t x t x x dx

, , 0

, , , 0 , 0 8

t H
e tr e 0 0 0

e tr e tr 0 0 0

trò
ò

y y

r r r

= á ñ

=

-

and use the definition of y in equation (4). For aMarkovian process, ( ∣ )x t x, , 0e tr 0r is not a functional of
( )x , 0 ,0r therefore

( ∣ ) ∣ ∣ ( )[ ( ) ( )] ˆx t x e x e x, , 0 . 9U x U x t H
e tr 0

2
e 0

0 e trr = á ñb - -

One can see that the initial condition of the transition probability is exactly ( )x x .0d -
The path integral formulation for the transition probability ( ∣ )x t x, , 0e tr 0r can be conveniently obtained

from equation (9). The imaginary time propagator can be expressed in the famous Lagrangian form
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The resulting path integral formulation for ( ∣ )x t x, , 0e tr 0r is

( ∣ ) [ ( )] { [ ( )]} ( )[ ( ) ( )]x t x e D x s S x s, , 0 exp 11U x U x
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with the action S for a path starting at x0 and ending at xe at time ttr defined by
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Here L is the Lagrangian. This formulation agrees with the Itô path integral representation of Langevin equation
[34]. Nowwe see the statistical weight for a path ( )x s in the path space is [ ( )] [ ( )]P x s e ,S x sµ - which can be seen
as the distribution of the transition path ensemble. Themost probable path in this formulation is thus the path
with theminimal action S. It is easy to determine the equation forminimumaction path from the variational
principle, very like that for the Euler–Lagrange equation in classicalmechanics, i.e., the stationary action
condition. The equation takes the form

⎜ ⎟
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⋅
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under the boundary conditions

( ) ( ) ( )x x x t x0 , 150 tr e= =

Theminimumaction path from the stationary action condition in this formulation is also called the dominant
path in some literatures [14, 15, 34].

In ourmethod to construct the path integral formulation, thework by vanKampen [51]which connects the
Fokker-Planck equation for the probability density to the imaginary time Schrödinger equation plays an
important role. The key transformation of the probability density to thewave function leads us to the relation
between the transition probability and the imaginary time propagator.We remark that different approaches to
the path integral formulation and the transition path ensemble can be found in the literature, e.g., the
conditionalWiener integrals in [55].

3. Conditional overdamped Langevin equation

Sampling the transition path ensemble with the distribution [ ( )]P x s via Langevin equation requires an effective
modificationwhich includes the constraint ( )x t x .tr e= We follow the derivations in [31–35], to construct a
conditional overdamped Langevin equation for the desired probability distribution.
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Under the condition of starting at x0 and ending at xe at time t ,tr the probability density of the system at x at
time t  ( )t t0 tr is

( ) ( ∣ ) ( ∣ )
( ∣ )

( )P x t
x t x t x t x

x t x
,

, , , , 0

, , 0
. 16e tr 0

e tr 0

r r
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=

Consider equation (9), wemay express the conditional probability density using the propagator as
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The boundary conditions can be easily verified
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It is well-known in quantummechanics that the propagator is a solution of time-dependent Schrödinger
equation. That is,
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Then the time evolution equation of ( )P x t, can be easily obtained
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Naturally, onemay compare this equationwith that of the unconditional probability equation (3) and find that
themodified force should be defined as

˜
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x x
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2
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b
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=
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Note that themodified force is time-dependent. The resulting conditional Langevin equation is then

[ ∣ ∣ ] ( ) ( )( ) ˆdx

dt m x
x e x

m
t

2
ln

2
. 23t t H

e
tr

b g b g
h=

¶
¶

á ñ +- -

Comparing to the unconditional case equation (1) demonstrates that, themodified force guarantees the
trajectories end at xe at time t .tr In principle, the probability density of the systemdriven by thismodified
Langevin equation is the desired ( )P x t, .The trajectories generated from this equation follow the distribution

[ ( )]P x s of transition path ensemble.Wewill test this conditional overdamped Langevin equation in the free
particle system and the harmonic system, ofwhich themodified force in equation (22) can be expressed explicitly
and the conditional probability density ( )P x t, can be solved exactly. For the general system, we discuss the
modified force in detail and give a path integral representation in the appendix.
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4. Results for two solvablemodels

In this sectionwe consider the analytic results of the free particle system and the harmonic system. Themodified
forces in these twomodels had been presented in [32], but the explicit solutions of the conditional Langevin
equation and themost probable pathwere not discussed there. Our purpose is to examine the consistence of the
conditional Langevin equationwith the conditional probability density, and to show the explicit expressions for
themost probable paths in these twomodels.

4.1. Free particle system
For the free particle system ( )U x 0,= the propagator and the transition probability can be simply computed

⎧
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The conditional probability density ( )P x t, is obtained straightfor-

wardly
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Obviously ( )P x t, is aGaussian probability distribution, and themost probable position in the configurational
space at time t is themean of ( )P x t, .This observation yields the expression for themost probable position as a
function of t
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x t t x t

t
. 26m

0 tr e

tr
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- +

As t passes from0 to t ,tr ( )x tm goes from x0 to xe with a constant velocity.Wemay demonstrate that ( )x tm is
actually themost probable path in the transition path space. One can easily examine that ( )x tm in equation (26)
is exactly theminimumaction path in equations (14)–(15) for the free particle system. Then it is clear that the
stationary action principle for the transition probability in equation (11)works in the free particle system.

Let us turn to the conditional overdamped Langevin equation in equation (23). Themodified force in
equation (22)nowbecomes
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The conditional overdamped Langevin equation is then
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To exactly solve equation (28),We treat thewhite noise stochastic process ( )th as a ‘function’ of t. An explicit
expression of the solution is easily given by

( ) ( ) ( ) ( )x t
x t t x t

t m

t t

t s
s ds

2
. 29

t
0 tr e

tr 0

tr

tr
òb g

h=
- +

+
-
-

The constraint ( ) ( )x x x t x0 ,0 tr e= = can be verified straightforwardly. Recall equation (2). TheWiener process
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Therefore, the probability distribution of the configurational space at time t from equation (29), is theGaussian

distributionwith themean
( )x t t x t

t
0 tr e

tr

- +
and the variance

( )
m

t t t

t

2
.tr

trb g
-

This is exactly the conditional

probability density ( )P x t, in equation (25). Hence, we have approached to the statement that the conditional
Langevin equation is consistent with the desired probability density, and is thus an effective tool to sample the
transition path ensemble.

4.2.Harmonic system
The analysis of the harmonic system ( )U x m x1

2
2 2w= is similar to that of the free particle system. First we look at

the explicit expressions of the propagator and the transition probability
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It is aGaussian distribution and themost probable position is themean
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Equation (33) is the solution of equations (14)–(15) for theminimumaction path.Nowwe see that themost
probable path is also theminimumaction path in the harmonic system.

For the conditional Langevin equation, themodified force is
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The corresponding Langevin equation is then

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥( )

( ) ( ) ( )dx

dt t t

t t
x x

m
t

sinh

cosh
2

. 35
2

2
tr

2
tr

e
w

g
w

g

w
g b g

h= -
-

-
- +

6

Phys. Scr. 98 (2023) 025218 D-Z Li et al



This equation had also been discussed in [56].We can give the explicit solution of equation (35) like we do for the
free particle system
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The resulting probability distribution of ( )x t is a Gaussian distributionwith themean
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Obviously, it is exactly ( )P x t, in equation (32). Hence, the consistence of the conditional Langevin equation
with the conditional probability density is proved.

Remark that the results of the harmonic system reduce to that of the free particle system in the limit 0.w 

5. Conclusions

In this article we study the transition path ensemble of the system driven by overdamped Langevin
equation. By using an imaginary time propagator, we establish a path integral formulation of the transition
probability. The stationary action principle for themost probable path, and the conditional Langevin
equation for the desired conditional probability density, are derived. Taking the free particle system and the
harmonic system as two exactly solvable examples, we confirm that the conditional Langevin equation is
exactly consistent with the conditional probability density in the transition, and the stationary action
principle actually leads to themost probable path. Our work providesmore theoretical investigations of the
transition path ensemble.

For the transition path sampling in the general system, onemay expect efficient algorithms for numerically
solving the conditional Langevin equation. The key problem is the evaluation of the time-dependentmodified
force in equation (22). Since it is very difficult if not impossible to express themodified force explicitly, some
approximations [31, 33, 35, 57]have been proposed. The numerical tests of the approximations for themodified
force deserve further study.

We remark that, more exactly solvable models can be considered. The models with potential
barriers are more suitable for realistic transition problem than the free particle system and the
harmonic system solved in this work, e.g., the bistable potential models [51–54]. The extension of this
work to the exact solutions of the models with potential barriers is of interest and of great importance in
future studies.
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Appendix. Path integral representation of themodified force

Themodified force of the conditional Langevin equation can be explicitly expressed in some solvable cases. In
section 4we show the results of the free particle system and the harmonic system.Herewe discuss themodified
force of the general system.

Themodified force is defined in equation (22)with theHamiltonian in equation (6). Notice that we can
express themodified force as
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Wemay employ the popular splittingmethod called Trotter splitting [58] to the evolution operator ( ) ˆe ,t t Htr- -

which yields
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e e e e A2tH t V tT t V

2 2»-D -D -D -D

for a small t.D Here T̂ and V̂ are defined in equation (7). Splitting t ttr - into P intervals and taking the limit
P  ¥ leads to the expression
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Here ( )x x x x, , , ,Pe 2 is the discrete time trajectory and N is a constant independent of x. Nowwe adopt the
open path staging coordinate transformation [59]
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Equation (A3) becomes
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The integral variables transform from ( )x x, , P2 to ( )y y, , .P2 Thenwe have
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In the last step of equation (A7)we perform the inverse coordinate transformation. It is straightforward to
show
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where 〈〉P denotes the average over theP-splitting path integral representation. Notice that for trajectory
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hand side of equation (A8) as
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Here 〈 〉 is the average over the path space from x at t to xe at t .tr Then themodified force can be presented from
equations (A1), (A8) and (A9)

˜
( )

( )U

x
m

x x

t t

t s

t t

V

x s
ds

2
. A10

t

t
e

tr

tr

tr

tr

òg
b

-
¶
¶

=
-
-

-
-
-

¶
¶

This formulation had been proposed in [35]using a different approach.
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