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Abstract

Transition of a system between two states is an important but difficult problem in natural science.
In this article we study the transition problem in the framework of transition path ensemble.
Using the overdamped Langevin method, we introduce the path integral formulation of the
transition probability and obtain the equation for the minimum action path in the transition path
space. For the effective sampling in the transition path ensemble, we derive a conditional
overdamped Langevin equation. In two exactly solvable models, the free particle system and the
harmonic system, we present the expression of the conditional probability density and the explicit
solutions for the conditional Langevin equation and the minimum action path. The analytic
results demonstrate the consistence of the conditional Langevin equation with the desired
probability distribution in the transition. It is confirmed that the conditional Langevin equation is
an effective tool to sample the transition path ensemble, and the stationary action principle
actually leads to the most probable path.

1. Introduction

Transition of a system from an initial state to a final state is one of the most important phenomena in nature.
Understanding the pathways and mechanisms of transition phenomena like structural transformation, phase
transition and chemical reaction has been of great interest in natural science. Effective approach to the transition
problem, especially to the dynamics of rare events, still remains a difficult task.

A famous theoretical framework to study the transition problem is offered by the transition state
theory[1-5]. Transition state, usually determined by a saddle point of the potential energy surface, is the
keyidea of this framework. The transition path generated by the transition state theory is usually the
minimum energy path crossing the transition state [6, 7]. Two classes of methods of searching the
transition state and minimum energy path on the potential energy surface are widely used, the nudged
elastic band method [8, 9] and the energy surface walking methods [10, 1 1]. However, the minimum
energy path does not always work when the transition state is not exactly a saddle point on the potential
energy surface [7]. Another popular approach to the most probable path is the minimum action path
[12—-16]. In this framework, an action as a functional of the transition path should be defined, e.g., the
famous Onsager-Machlup action [17, 18]. This action functional is directly related to the statistical
weight for a certain transition path. The minimum action path, which has the largest weight associated
with the action functional, can then be derived from the variational principle. For the system with
complex energylandscape such as material system [19-22], determination of the most probable path is
still challenging.

Transition path sampling method [23—29] provides an alternative view to the transition problem. Not
limited to a certain path, the dynamic information in the transition is generated from sampling the ensemble in
the space of all possible transition paths. The distribution or the statistical weight for a path, like that associated
with the action functional mentioned above, plays a key role in the sampling. Techniques such as Monte Carlo
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are employed. Since the Langevin approach to the transition problem had been introduced for along time [30],
one will expect the application of Langevin dynamics in transition path sampling. Recently, a overdamped
Langevin based method in the framework of transition path ensemble is proposed [31-35], which avoids the
drawback of Monte Carlo that generating highly correlated trajectories. This method adopts the concept of
Langevin bridge in the mathematical literatures [36, 37]. The transition probability of the system driven by
overdamped Langevin equation is related to the propagator in the path integral formulation [38—44] naturally.
Given the initial state, the final state and the transition time, a conditional overdamped Langevin equation is
constructed as a stochastic description of the transition paths. Hence, it provides an effective stochastic
differential equation to sample the transition path ensemble.

In this article, we follow closely the derivations in [31-35] to analyse the transition path ensemble and most
probable path of two exactly solvable models, the free particle system and the harmonic system. For the sake of
simplicity, we discuss the result of one-dimensional system. The extension to general multi-dimensional case is
straightforward. In section 2, we introduce the path integral formulation of the transition probability and show
the equation for the minimum action path. A conditional overdamped Langevin equation, which produces the
desired probability distribution in the transition, is obtained in section 3. The detailed analyses of the effective
probability distribution, Langevin equation and the most probable path for two exactly solvable models are
presented in section 4. Conclusions are outlined in section 5.

2. Path integral formulation

Overdamped Langevin equation is suitable for transition problem, compared to the time scale of the usual
underdamped Langevin equation. In this article we study the system driven by overdamped Langevin equation
in the form
dx 1 oU 2
T [, ()
dt my Ox Bmy
Here m is the mass, U (x) is the potential energy, -y is the friction coefficientand 3 = 1/kg T with the Boltzmann
constant kg and the temperature 7. 7)(¢) is the white noise random variable associated with the Wiener process

satisfying

(n®) =0, (nONE)) = 6(t — ") )
The evolution of the system is a Markovian process. The term %v associated with 7 (t) in equation (1) fulfils

the fluctuation-dissipation relation, which guarantees that the overdamped Langevin equation generates the
Boltzmann distribution in the stationary state. Rather than the stationary distribution, our interest is the
nonstationary process and the corresponding time-dependent probability density p(x, t). p(x, t) evolves
according to the well-known Fokker-Planck equation [45-50]

1 oU 1 Op(x, t) ]

0 0
—p(x, 1) = —| ——px, t) + —
tp(x ) [ p(x, t)

3
v Ox Omy  Ox ©)

Because the Fokker-Planck equation is closely related to the Schrodinger equation, we follow van Kampen [51]
to define a wave function

P(x, t) = VD 2p(x, t). 4)
Then the Fokker-Planck equation equation (3) leads to

=L 02 _ B8 (8_U) _ 29w
Btu)(x’ 0= {ﬁ’ym 0x>  4vym [ Ox 3 0x? Vs 1. ©)

This transformation had been studied for several models [52—54]. It is straightforward to see that equation (5) is
an imaginary time Schrodinger equation with the Hamiltonian

2 2 2
H=— 13_+L(3_U)33U. (6)
Bym 0x*  4ym |\ Ox 3 Ox?

The corresponding kinetic energy and potential energy operators are

2 2 2
TL@_,Vi(a_U)EﬁU. 7)
Bym Ox? 4ym |\ Ox B Ox?
The propagator from the time evolution equation %1/) (x, t) = —Hu)(x, t) can then be expressed as

(x| e tell | xo) with the initial state x,, final state x. and the transition time . To illustrate the relation between
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the transition probability p (x., fi|xo, 0) and the propagator (x.| e tull | xo), one should only compare the
following two statements

Yo o) = [ (xde ] xo)(xo, 01y

ple o) = [plres tubso, 0)p(, 0)dbxg ®)

and use the definition of v in equation (4). For a Markovian process, p(x., #;;|x, 0) is not a functional of
p(xg, 0), therefore

p(xes tulxg, 0) = eBLUGI=UGN/2 (x o=t | x(). )

One can see that the initial condition of the transition probability is exactly 6 (x — xg).
The path integral formulation for the transition probability p(x., t.|xg, 0) can be conveniently obtained
from equation (9). The imaginary time propagator can be expressed in the famous Lagrangian form

ds}. (10)

P tulxo, 0) = eV U6/ [ Dlx(s)]exp(—S[x(s)]) (an

<xe|eit"H| x0>
[ By () (3_U)2_£32U
_fxo D[x(s)]exp{ zfo [Zm(ds) + Z'yZm( e 5 ox

The resulting path integral formulation for p(x., t.|xq, 0)is

with the action S for a path starting at x, and ending at x. at time #,, defined by

S[x(s)] = i-”fo L ds. (12)

S ) 0
2 \ds 29*m\\ Ox 3 0x?

Here L is the Lagrangian. This formulation agrees with the It6 path integral representation of Langevin equation
[34]. Now we see the statistical weight for a path x(s) in the path spaceis P[x(s)] o< e S¥®1 which can be seen
as the distribution of the transition path ensemble. The most probable path in this formulation is thus the path
with the minimal action S. It is easy to determine the equation for minimum action path from the variational

principle, very like that for the Euler—Lagrange equation in classical mechanics, i.e., the stationary action
condition. The equation takes the form

£ _ 1 (U U 10U "
dr? vm*\ Ox Ox> (B Ix°
under the boundary conditions
x(0) = xo, x(t) = xe 15)

The minimum action path from the stationary action condition in this formulation is also called the dominant
path in some literatures [14, 15, 34].

In our method to construct the path integral formulation, the work by van Kampen [51] which connects the
Fokker-Planck equation for the probability density to the imaginary time Schrédinger equation plays an
important role. The key transformation of the probability density to the wave function leads us to the relation
between the transition probability and the imaginary time propagator. We remark that different approaches to
the path integral formulation and the transition path ensemble can be found in the literature, e.g., the
conditional Wiener integrals in [55].

3. Conditional overdamped Langevin equation

Sampling the transition path ensemble with the distribution P [x(s)] via Langevin equation requires an effective
modification which includes the constraint x (t,) = x.. We follow the derivations in [31-35], to construct a
conditional overdamped Langevin equation for the desired probability distribution.

3
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Under the condition of starting at x, and ending at x. at time t,,, the probability density of the system at x at
timet (0 < t < fy)is

p(xe) ttrlx) t)p(x: tle) 0)

P(x, t) = (16)
p(xea ttr|x0y 0)
Consider equation (9), we may express the conditional probability density using the propagator as
P, 1) — e ) (e ) ) (17)
(xele™" ] xo)
The boundary conditions can be easily verified
P(x, 0) = 6(x — x0), P(x, tu) = 6(x — Xe) (18)
It is well-known in quantum mechanics that the propagator is a solution of time-dependent Schrédinger
equation. That s,
9 —tH —tH(_ 1]
5@43 | xo) = (xle”™(=H)]| xo)
1 02 oUY 20U ;
) {m—m@ o [(a_) e }}<xle‘“| %), (19
0 —(ty—t)H —(ty—t)HL)
S xde O] ) = (s )
1 0* B [(oUuY 20U SE
) {‘m_mw R (G e | e @0
Then the time evolution equation of P (x, t) can be easily obtained
, [%xaewf)ﬁ | %) ] (e ] xo) + (xde ] x) [%wetﬁ | x0) ]
—P(x, t) = -
ot <xe|eit"H| x0>
0? A : A 0? A
1 [—@mwrw x>]<x|efH| x0) + (x| x) [@@cle‘“l xo>]
 Bym (xele | xo)
9 —(ta—1)H —tH —(ta—1)H 9 —tH
o |l 0 ) e ) -+ (xde 0] )| Gale ) )
 Bym Ox (xele "] xo)
= Li { 72‘&[11‘1 <xe|ef(ttr7t)1:1| x>] X P(x’ t) —+ M }. (21)
Bym Ox Ox Ox

Naturally, one may compare this equation with that of the unconditional probability equation (3) and find that
the modified force should be defined as

ou 20 .
_ = 29 [In (x,ete—0H . 22
» 6ax[n<xle [ x)] (22)

Note that the modified force is time-dependent. The resulting conditional Langevin equation is then

dx 2 0 A 2
_ 1 et DH + X 23
dt  BmyOx [In {xcle [ %)] \ Bmry ) @9

Comparing to the unconditional case equation (1) demonstrates that, the modified force guarantees the
trajectories end at x, at time .. In principle, the probability density of the system driven by this modified
Langevin equation is the desired P (x, t). The trajectories generated from this equation follow the distribution
P[x(s)] of transition path ensemble. We will test this conditional overdamped Langevin equation in the free
particle system and the harmonic system, of which the modified force in equation (22) can be expressed explicitly
and the conditional probability density P (x, t) can be solved exactly. For the general system, we discuss the
modified force in detail and give a path integral representation in the appendix.
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4, Results for two solvable models

In this section we consider the analytic results of the free particle system and the harmonic system. The modified
forces in these two models had been presented in [32], but the explicit solutions of the conditional Langevin
equation and the most probable path were not discussed there. Our purpose is to examine the consistence of the
conditional Langevin equation with the conditional probability density, and to show the explicit expressions for
the most probable paths in these two models.

4.1. Free particle system
For the free particle system U (x) = 0, the propagator and the transition probability can be simply computed

p(xe) ttrle: 0) = <x |e_t"H| x0>

By my 2
expq— Xe — X 24
amty ¥ 54 e T ) @Y
1 0
with the Hamiltonian A = — ﬂ—ﬁ— The conditional probability density P (x, t) is obtained straightfor-
ym Ox
wardly
P(x, t)
2
Pyt LIS W xo(te — 1) + xet (25)
47Tt(ttr - t) 4 t(ttr - t) Lo

Obviously P (x, t) is a Gaussian probability distribution, and the most probable position in the configurational

space at time tis the mean of P (x, t). This observation yields the expression for the most probable position as a

function of t

Xo(te — 1) + Xet
ter

xn(t) = (26)
As tpasses from 0 to ty, x,,,(t) goes from x, to x. with a constant velocity. We may demonstrate that x,, () is
actually the most probable path in the transition path space. One can easily examine that x,, () in equation (26)
is exactly the minimum action path in equations (14)—(15) for the free particle system. Then it is clear that the
stationary action principle for the transition probability in equation (11) works in the free particle system.

Let us turn to the conditional overdamped Langevin equation in equation (23). The modified force in
equation (22) now becomes

aU Xe — X

=m . 27
Ox thr—t @7

The conditional overdamped Langevin equation is then

dx  x.— x 2
-~ + t 28
pri— “/Bm n(t). (28)

To exactly solve equation (28), We treat the white noise stochastic process 7 (¢) as a ‘function’ of t. An explicit
expression of the solution is easily given by

x(t) _ xo(ttr - t) + Xet + 2 ft te — t’l’}(s)ds (29)
tir ﬂm’y 0 fy— S

The constraint x(0) = x, x(t;;) = x. can be verified straightforwardly. Recall equation (2). The Wiener process

Pty — 8 . . . . . .
guarantees that f X 5(s)dsis anormal random variable, of which the mean is 0 and the variance is
0 fy—S$

Fte — t tttr—tttr— P
([ pe—
. ¢ t — t ty — ’
71(;]; P — 6( — s")dsds'
=
fr — S
_ e — 1)
= —ttr .

(30)
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Therefore, the probability distribution of the configurational space at time ¢ from equation (29), is the Gaussian
- . 2 - .. ..
Xoly = 1) F xet and the variance —— M This is exactly the conditional
o T A .
probability density P (x, t) in equation (25). Hence, we have approached to the statement that the conditional
Langevin equation is consistent with the desired probability density, and is thus an effective tool to sample the

transition path ensemble.

distribution with the mean

4.2. Harmonic system
The analysis of the harmonic system U (x) = %maﬂxz is similar to that of the free particle system. First we look at
the explicit expressions of the propagator and the transition probability

Bmw?

(xele teH| xg) = | —————
. wzttr
47 sinh
v

gl

v

2 2 2
X exp ﬂL)[cosh(w—t")(xg +x3 — 2x0xe] + wz—ttr ,

2 2 Wiy Wty 2
plxer bt 0) = | — el [ - e P Ll (31)
4T sinh(w—ttr) 4 sinh(w—ttr)
Y v
. oA 1 0?2 B s 2, .. " .
with the Hamiltonian H = —ﬁ—ﬁ + - (mw?x)* — Emw . The conditional probability density
ym Ox ~ym
P(x, t)is
sinh (ﬁ)
2
P(x,t) = B ’Zw . i -
T sinh(w—t) sinh(—w (e — t))
Y Y
2
2 204 _ 2
sinh(w—ttr) X0 sinh(w) + Xe sinh(w—t)
_ 2 i _ Y Y
Xexp{ —fmw = T x N . (32
4 sinh| — |sinh| ————= sinh| —
v Y v
Itis a Gaussian distribution and the most probable position is the mean
204 _ 2
X sinh(w) + X sinh(w—t)
(1) = ! ! (33)

2
sinh (_w f )
~

Equation (33) is the solution of equations (14)—(15) for the minimum action path. Now we see that the most
probable path is also the minimum action path in the harmonic system.
For the conditional Langevin equation, the modified force is

& 2 2 _
_(Z—U = — n;w [cosh(w)x — xe]. (34)
x sinh(w (te — t)) ¥
Y

The corresponding Langevin equation is then

d_x = — w? cosh(wz(ttr — 9 )x — Xe| + Ln(t). (35)
dt , (wz(ttr - t)) v \ By
~ sinh| ——=

v
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This equation had also been discussed in [56]. We can give the explicit solution of equation (35) like we do for the
free particle system

2 v

2
sinh (_w i )
~

sinh(iwz(ttr — t))

2 t y
/ ds. 36
+ ﬁmvfo . (wz(ttr_s))n(s) s (36)
smh _—

v

204 2
X0 sinh(m) + Xe sinh(w—t)
x(t) =

The resulting probability distribution of x (¢) is a Gaussian distribution with the mean
204 _ 2

x( sinh (M) + x. sinh (w_t)
i Y

2
sinh(w_ttr)
Y

and the variance

2
) ) sinhz(iw (e — t))
~
j(; ds

Bmry sinhz(d(m — s))
vy

= 2 sinhz(wz(t“_t))coth(m)
2

s=t

Bmw 0 vy o
200 2
, sinh (7“} (e — 1) ) sinh (w_t)
Y Y
= . 37
W “
Y

Obviously, itis exactly P (x, t) in equation (32). Hence, the consistence of the conditional Langevin equation
with the conditional probability density is proved.
Remark that the results of the harmonic system reduce to that of the free particle system in the limit w — 0.

5. Conclusions

In this article we study the transition path ensemble of the system driven by overdamped Langevin
equation. By using an imaginary time propagator, we establish a path integral formulation of the transition
probability. The stationary action principle for the most probable path, and the conditional Langevin
equation for the desired conditional probability density, are derived. Taking the free particle system and the
harmonic system as two exactly solvable examples, we confirm that the conditional Langevin equation is
exactly consistent with the conditional probability density in the transition, and the stationary action
principle actually leads to the most probable path. Our work provides more theoretical investigations of the
transition path ensemble.

For the transition path sampling in the general system, one may expect efficient algorithms for numerically
solving the conditional Langevin equation. The key problem is the evaluation of the time-dependent modified
force in equation (22). Since it is very difficult if not impossible to express the modified force explicitly, some
approximations [31, 33, 35, 57] have been proposed. The numerical tests of the approximations for the modified
force deserve further study.

We remark that, more exactly solvable models can be considered. The models with potential
barriers are more suitable for realistic transition problem than the free particle system and the
harmonic system solved in this work, e.g., the bistable potential models [51-54]. The extension of this
work to the exact solutions of the models with potential barriers is of interest and of great importance in
future studies.
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Data availability statement

No new data were created or analysed in this study.

Appendix. Path integral representation of the modified force

The modified force of the conditional Langevin equation can be explicitly expressed in some solvable cases. In
section 4 we show the results of the free particle system and the harmonic system. Here we discuss the modified
force of the general system.

The modified force is defined in equation (22) with the Hamiltonian in equation (6). Notice that we can
express the modified force as

o0

o A
- —(te—t)H

E 8X <Xe|€ I x>
Ox B (xde 0| )

(AD)

We may employ the popular splitting method called Trotter splitting [58] to the evolution operator e~ (=~ DA
which yields

oM oy =5 Vgt =51 (A2)
for asmall At. Here T and V are defined in equation (7). Splitting t,, — ¢ into Pintervals and taking the limit
P — ooleads to the expression

<xe|e—(tu—t)fl| x)

R S S
(e 2p Ve P Tep V)P|x>

= lim <xe

P—oo

.1 Bm~P
= lim — [ dx, -+ dxpexp] ——————[(xc — %)>+ - +(xp — x)?
pLooNf 2 PXP{ Mo —p ) G = 7]

tye — £

[V(xz)+ V) + %wxe) + %vu)]}. (A3)

Here (x., %, -,xp, x) is the discrete time trajectoryand N is a constant independent of x. Now we adopt the
open path staging coordinate transformation [59]

1
Nn= E(xe + .X),

1
Yo = X — ;[(5 — Dxgp1 +xl, s = 2,--,P

Ypyg = Xe — X (A4)

to simplify the derivation, where we set x; = x.and xp; = x. The inverse transformation is

1
x=y+ EyPH’

P/2 —s+1 Pls—1
Xs=) + Ypi1 Z Vpr § = 250055P
2 el
1
L= T SO (A5)

Equation (A3) becomes

(x|etaDH| )

.1 Bmyp & i, 1,
:llm—fd - dy, expl — s
P NS P2 IR p{ 4(ttr—t)[,zzi—1y’ prr

7_%; ! [V(xz(y))Jr o+ V(xp(p) + %V(xe) + %V(x)]}- (A6)
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The integral variables transform from (s, --,xp) to (3, -,3). Then we have

9 .
G e @A x
ax( I | x)
1 - N
= 20 (et ) — el
2 0y, p,
.1 (Bm~yP L
:hm—fd -+ dy, expq — S+ —
o NJ P2 IR p{ 4(ttr—t)[i22i—1y1 p/rel

- —t“P_ ! [V(Xz()/))+ eV (xp(y)) + %V(xe) + %V(x)]}

X{ﬁm’yxe—x_ttr—t[laV+zP:i—l oV }}

2 ty—t P 2 dx = P Oxi(y)

— | i _M _ 2 _ 2
= }}1_{1; Nfdxz dxp CXP{ e — D [(xe — %)°+ - +(xp — x)°]
te — t

- T[V(Xz)-i- V) + %V(xe) n %V(x)]}

P .
X{ﬁm’yxe—x_ttr—t[lﬁV_Fzz—laV]}‘ (A7)

2ty —t P |20x = P ox

In the last step of equation (A7) we perform the inverse coordinate transformation. It is straightforward to
show

o .
a (xe|e—(tu—t)H| x)

<xe|e—(tu—t)ﬁ| x)

_ﬁm'yxe—x_ lim ttr—tlaV_ lim P ttr—ti—1<8_V>
P

— i
2 ty—t Pox P 20x Poxi; P P 0x;
P .
_ Omy xe — x ~ im Z ty —ti—1 B_V (A8)
2 ty—t P-oo;—, P P ox; p

where () p denotes the average over the P-splitting path integral representation. Notice that for trajectory

. . i . .
(Xes %, +,Xp, x) the discrete timeis t; = t, — (ty — t), and we can express the second term in the right-

hand side of equation (A8) as

P .
limzt“_”_l<av>
P

Poooi, P P 0x;

1

P . r —
- limz—t”t—t“t’<a—v> = [ 5< ov >ds. (A9)
P t

Poooi; P oty —t \Ox; te — t \ Ox(s)

1

Here () is the average over the path space from x at t to x. at #,. Then the modified force can be presented from
equations (A1), (A8) and (A9)

ou Xe—X 2 [lrty—s/ OV
—_ = i ds. Al10
Ox mﬁyttr— t ﬂj; te — t<8x(s)> ’ (A10)

This formulation had been proposed in [35] using a different approach.
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