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On numerical stationary distribution of overdamped Langevin
equation in harmonic system
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Efficient numerical algorithm for stochastic differential equation has been an important object in the research of
statistical physics and mathematics for a long time. In this work we study the highly accurate numerical algorithm for the
overdamped Langevin equation. In particular, our interest is in the behaviour of the numerical schemes for solving the
overdamped Langevin equation in the harmonic system. Based on the large friction limit of the underdamped Langevin
dynamic scheme, three algorithms for overdamped Langevin equation are obtained. We derive the explicit expression of
the stationary distribution of each algorithm by analysing the discrete time trajectory for both one-dimensional case and
multi-dimensional case. The accuracy of the stationary distribution of each algorithm is illustrated by comparing with the
exact Boltzmann distribution. Our results demonstrate that the “BAOA-limit” algorithm generates an accurate distribution
of the harmonic system in a canonical ensemble, within a stable range of time interval. The other algorithms do not produce

the exact distribution of the harmonic system.

Keywords: numerical stationary distribution, overdamped Langevin equation, exact solution, harmonic sys-

tem
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1. Introduction

As the first published stochastic differential equation,
Langevin equation!’-?) plays an important role in studying sta-
tistical mechanics and mathematical physics. It offers a heuris-
tic mathematical description of the Brownian motion,>=! and
becomes a widely used tool in the fields of natural science,
mathematics, and social science.l®! Specifically, the Boltz-
mann distribution in a canonical ensemble can be obtained
from the stationary state distribution of Langevin equation.”!
Hence, Langevin equation is an efficient approach to solving
the problem of canonical sampling in statistical mechanics.

In this work, we focus on a certain type of Langevin equa-
tion, called overdamped Langevin equation. It can be seen
as the overdamped limit of the usual underdamped Langevin
equation. (! For the system with potential energy U and mass
matrix M, the overdamped Langevin equation takes the fol-
lowing form:

dﬁ__l -1 i —-1/2
7 }/M VU(ac)+1/m/M n(t). @))

Here v is the friction coefficient, B = 1/kgT with the Boltz-
mann constant kg and the temperature 7', and 7 (¢) is the white
noise random vector associated with the Wiener process satis-

fying

() =0, (m:()n;(1')) =88 (1—1') 2)
or equivalently

(n(0)=0, (n(n)yn"())=6(—1)1 3)
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Here, 1 denotes the identity matrix hereinafter. Considering
the probability density function of the system p (x,7), asso-
ciated with Eq. (1), the time-dependent probability density
p (x,t) of the system evolves according to the well-known
Fokker—Planck equation!6-7-9-12]

d _d 1. ,dU
EP(-’BJ) = 9z [YM %P(CUJ)
i —lap (:B,l‘)
JrﬁYM oz |’ @

The relevant time evolution operator is then

ad 1 U 1 ~
L) =50 M L e+ gt I )
where p(x,t) evolves from an initial distribution (e.g.,
p (x,0) = 6 (x — xp)) to a stationary state p (x, ), and satis-
fies Lp (x,00) = 0. The stationary distribution is usually called
the invariant distribution in the mathematical literature.!13!4]
We denote the stationary distribution as pg () in this work.

In our case, p (x) is simply the Boltzmann distribution

pul) = 3 expl~BU ()] ©

where N is the normalization constant. Then one can see
that the term \/2/W/M_1/2 associated with 7 (¢) in Eq. (1)
fulfils the fluctuation—dissipation relation, which ensures that
the overdamped Langevin equation generates the Boltzmann

distribution in a stationary state. Therefore, overdamped
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Langevin equation can be an effective tool to sample the equi-
librium canonical ensemble.

The aim of this work is to study the stationary distri-
butions of the algorithms for numerically solving the over-
damped Langevin equation. Various numerical algorithms for
overdamped Langevin dynamics (also called Brownian dy-
namics) have been proposed in previous studies. ®13-17 Sys-
tematic errors arise from the finite time interval A¢ of the nu-
merical algorithms. Our interest is in the exact solution of the
stationary distribution with finite A¢, in the harmonic system.
The rest of this paper is organized as follows. In Section 2, we
introduce three algorithms based on the splitting method of
the integrators for underdamped Langevin equation. In Sec-
tion 3, the exact stationary distribution of each algorithm in
one-dimensional harmonic system is derived. We employ the
stochastic analysis of the discrete time trajectory in the con-
figurational space. The extension of the results to the multi-
dimensional harmonic system is done in Section 4, by making
use of the normal mode coordinate transformation. The accu-
racy of the stationary distribution generated from each algo-
rithm is illustrated. Conclusions are outlined in Section 5.

2. Numerical algorithms

First we recall the splitting method to construct the inte-
grator of underdamped Langevin equation by Leimkuhler and
Matthews, 13!

[] ) [M(;lp]*[—vg(w)}
G

0
1 R R
O

where 7 is the friction coefficient, n(¢) is the random vec-
tor satisfying the conditions in Eq. (3), and “O” repre-
sents the Ornstein—Uhlenbeck!'®!°1 part. Each of the three
parts of underdamped Langevin equation can be solved
“exactly”, and the integrator can be obtained from a cer-
tain composition of these three parts. As an example,
BAOAB denotes the integrator of the order of composition
B (16t) A (46t)O(8t)A(45t)B (16¢), where we use 8t as
the time interval for the underdamped Langevin dynamics.
It is straightforward to verify that B (38¢) A(8t)B (368¢) is
the famous velocity—Verlet algorithm!’! for integrating the
Hamiltonian equation. Alternative splitting methods which di-
vide the underdamped Langevin equation into two parts have

21,22

also been discussed.?!?>! Among the integrators constructed

from the splitting methods, BAOAB scheme has been shown
to produce the most accurate stationary distribution in the con-
figurational space.!'??1-28 Recently, a scheme named leap-

29,30

flog “middle” was studied.>*-*%1 This scheme is equivalent to

BAOA in the stationary state and leads to the same configu-
rational distribution as that of BAOAB. The numerical algo-
rithms of overdamped Langevin equation considered in this
work can be obtained from the underdamped Langevin inte-
grators constructed from Eq. (7).

The BAOA scheme of underdamped Langevin dynamics
is expressed as

Pn1 = DPn— otvU (xn) 5

ot
Ty, 1 :mn+?M lpn.,h
_% /1 _
Pnt1=2¢ 7/Sl‘pn,l + E (1 - 6_276’)M1/2Mn+1,
ot
Tpit =T+ M "Dt ®)

with the order B (61)A (36¢) O(8¢)A(46¢) in a time step.
Here p,+1 is a standard normal random vector. The random
vector in each time step is independent. Arranging Eq. (8) into
a compact expression leads to

or_ 5
Tpg1r = Tyt 5 M (1+e 73) [p,, — 81VU ()]

or |1 _ B
+?1/B(1—3727&)M V2 a1,

Pn+1 = 677& [pn —orvVU (113,,)]

1 _
+1/5 (1—e 2P M2y, . ©)

In choosing the overdamped limit ¥ = +oo, the momentum
turns into a random vector from the Maxwell distribution, i.e.,
Pnt1 = \/W M2, . Then the updated configurational
variable in a time step becomes

8t
Tpp1 = Ty— —M VU ()

2
or |1
+2\/;M1/2(/~Ln+ll’n+l)~ (10)

Note that the friction coefficient and time interval of over-
damped Langevin equation are y and Az, respectively. If we
take the time interval of underdamped Langevin dynamics as

Ot = \/2At /7, equation (10) converts into
At
Tyl = T, — 7M*1VU ()

+ %M‘“z (Hn+pnr1), (1D
which is a numerical solution of overdamped Langevin equa-
tion in a time interval Ar. For convenience, we call this
algorithm “BAOA-limit”. Remark that BAOA-limit is non-
Markovian due to the correlation between the stochastic part
Mn + 1 in a couple of time steps. This algorithm was first
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proposed in Ref. [13] by the overdamped limit of BAOAB,
and rederived from the postprocessed integrators in Ref. [15].
It was further studied from the perspective of the high accu-
racy for the stationary distribution.[31417:231 Qur analysis here
clearly shows the equivalence between BAOA and BAOAB in
the configurational space.

Now we come to consider the Euler—Maruyama method
(EM), which is the most common numerical algorithm for
overdamped Langevin dynamics. The updated configurational

1/ Ml/2 . (12
By (12)

Using the analysis similar to that of BAOA-limit, one can ver-
ify that EM is actually OBAB-limit, also in choosing ¥ = 4-0
and 8t = \/m In the same overdamped limit condition,
OABA-limit algorithm has also been introduced in Ref. [16].
The OABA-limit takes the form of

variable in a time step reads

At
Tyl =Ty — 7M 1VU

At
Tpy1 = :L',,——M VU( x, + 213 M 1/2Hn>

M 1/2

The EM and OABA-limit are Markovian.

In the rest of this paper, we compare the long-time
behaviours of BAOA-limit [Eq. (11)], EM [Eq. (12)], and
OABA-limit [Eq. (13)] in the harmonic system. The numerical

13)

stationary distributions of these three algorithms are explicitly
derived, and the stable conditions for At are verified. Numeri-
cal tests in the quartic model, which is an anharmonic system,
are shown in the Appendix A.

3. Numerical stationary distributions in one-
dimensional harmonic system

Exact solutions for the probability distribution of stochas-
tic numerical algorithm are rare. Harmonic system is one of
the exactly solvable models in statistical physics. In the one-
dimensional harmonic system U (x) = ym@*x?, where @ is
the frequency, the force is simply linear —VU (x) = —ma>x.
The overdamped Langevin equation Eq. (1) for this system is
now given by

dx o , 2
The Fokker—Planck equation Eq. (4) becomes
d 0 [w? 1 dp(x,1)
Sotn =3 [ Capn+ g PEO] s

Both equations (14) and (15) can be exactly solved. We treat
7N (¢) as a “function” of ¢, then the explicit expression of the

solution for Eq. (14) can be obtained to be

x(1) = exp (—w;t)xo
+/exp( ’y‘”)@n(s)ds (16)

with the initial condition x(. The Wiener process ensures that

[or(-12) o

is a normal random variable. Therefore, the probability dis-

tribution of x(¢) is the Gaussian distribution with the mean
~w’t]y -
e xo and the variance

([fon =520 ]
Mm/ / { I_S)]

(I_S/)} <11 (s)n (s’)> dsds’

i Sl

xexp[

2(02t
= ——(1— — . 17
e (10| 7)) a
The time-dependent probability density is then
B Bma?
P (X;t) - \/275 (1 - e—(ZCOZt/Y))
| 1
X exp{ fﬁimw PR
2, 2
X [x—exp (—%)xo} . (18)

One can easily examine that p (x,#) in Eq. (18) is the solution
of the Fokker—Planck equation Eq. (15) with the initial con-
dition p (x,0) = 8 (x —xp). As expected, the long-time limit
t — oo of p (x,1) leads to the Boltzmann distribution

Bmw?

1
g P [—[5 mezxz} .

Pt (x) = 19)

Now we turn to the study of stationary distributions by using
the numerical algorithms with a finite time interval Az. The
discrete time evolution of BAOA-limit algorithm in a time in-
terval [Eq. (11)] is

WAt At
Xnp1 = <1 - Y) Xy + 2Bym (Mp + Hps1). (20)

The discrete time trajectory begins from the initial condition
X0, then it is straightforward to show

o 1_(02At "x N At
" vy ) T\ 2Bym
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n—j—1
) (j+pj1). @D

O N I I "
e v ) T\ 2Bym Y Ho

Bl

Y

The configurational space point x,, at each step of the trajectory
is a linear combination of standard normal random variables
uj, thus x, satisfies the Gaussian distribution. This probabil-
ity distribution is denoted as p, (x). Since p, (x) is a Gaussian
distribution, it is determined directly by the mean (x,) and the
variance <(xn — <xn>)2>. From Egq. (22) it is easy to obtain the

mean and the variance

20\ 2Ar\"
+ (1 _@ At) }ﬂjﬂLun}. (22) (xn) = <1 -2 A[) X0, 23)
Y Y
|
) At wm)z"z n_l < sz;>"“ ( aﬂm)" i
n n = 1— 1- 1- 1
<(x (xn)) > By ( y +j=ZI y + v +

Taking the long-time limit n — oo, we expect p, (x) to ap-
proach to the stationary distribution of BAOA-limit. It is obvi-
ous that the stationary distribution exists when the stable con-
dition |1 — (@?Ar/y)| < 1 is satisfied, i.e.,

32 At

<2. 25)

Within this stable regime of A¢, the long-time limit of the mean
and the variance are simply

()"0, { (o0 ) ?) " ﬁnjwz' 26)

The explicit expression for the stationary distribution is then

—limi pmaw? 1
ORI () = (| exp | —Bsma’? | (27)

which is exactly the Boltzmann distribution Eq. (19) of the

system.
Similar analysis can be applied to EM and OABA-limit.
The mean and the variance of p, (x) for EM are

) = (1 “’zft)nxo, (b= (u))?)
1 1

w?Ar\ >
= Bmo? - (@7A1/27) ll‘(l‘ ) ] @9

The stationary distribution in the long-time limit within the

stable regime Eq. (25) is

| Bm@? (1 — w?A1/2y)
P (x) = \/ o

(24)

2
X exp [—ﬁ;mwzxz (1 — wzymﬂ . (9

The result for OABA-limit is

PS?ABA-Hmit (X)

Bmaw?

- \/2n(1 — (@%A1/2y))

1
X exp [—ﬁ Ema)zx2

1
1—(a)2At/2y)} 3D

within the stable regime Eq. (25). Obviously, for both EM
[Eq. (29)] and OABA-limit [Eq. (31)], the infinitesimal time
interval limit Ar — 0 leads to the exact Boltzmann distribu-
tion. Comparison of the accuracy associated with Az among
these three algorithms is straightforward. The BAOA-limit
algorithm generates the exact Boltzmann distribution pg (x)
even when At is finite, as long as the stable condition is sat-
isfied. The EM and OABA-limit fail to do so. The numerical
error of the stationary distribution due to the finite Az is the
first order for both EM and OABA-limit. The accuracy analy-
sis can be summarized as

pgAOA—limil (x) _ pst ()C) ,
PEM (x) = pyt (x) x [1 +0O(A1)],
pOABATImIL (1) — o (x) x [1+O(Ar)]. (32)
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An observable or a thermodynamic quantity in configurational
space can be used for indicating the accuracy of equilibrium
sampling. Here we take the potential energy for example.
The average potential energy for the stationary distribution of
BAOA-limit can be simply obtained to be

1 1
(1) BAOA- 11m1t_/pBAOA fimit (¢ )Emw2x2dx: ik (33)

which is the exact result for the Boltzmann distribution. The
other two algorithms lead to

)™ = [ p
1

1
= ﬁm ZB [1+0(Ar)], (34)

OABA-limit __ OABA- 11m1t
w) - / P

®*xdx

—m*x*dx

2
% (1 - 2?’) 21;3 1+0(A)]. (35)
Therefore, the accuracy of average potential energy is con-
sistent with that of the stationary distribution as shown in
Eq. (32).

We remark that in Ref. [22] a trajectory-based approach
was used to derive the numerical stationary distribution in
the phase space (x, p), of the underdamped Langevin integra-
tor in the harmonic system. The discrete time evolution of
configuration and momentum according to the underdamped
Langevin equation, with finite friction coefficient and time in-
terval, were considered there. In this study we focus on the
overdamped limit of the discrete equations of motion as stated
in Section 2. Therefore, the derivation here deals with the
overdamped case of Langevin algorithm, by using a similar
technique to the trajectory-based approach. The analysis of
the discrete time overdamped Langevin trajectory in this paper
can be seen as the extension of the trajectory-based approach,
which is originally used for underdamped Langevin dynamics.

4. Results in multi-dimensional harmonic sys-
tem
We turn to the general k-dimensional harmonic system
U(z) = 42" Hz, where H is the symmetric positive-definite
Hessian matrix. The discrete time evolution in At of BAOA-
limit is now

At
Tyt = a:n——M 'He,

“ M 1/2 (Bn + pny1) - (36)

One can obtain the configurational space point x,, similar to
the expressions in Egs. (21) and (22) for one-dimensional case.
Here we employ an alternative approach by using the normal

mode coordinate transformation. The characteristic frequen-
cies of the normal modes can be obtained from the eigenvalues
of the matrix M‘1/2HM_1/2, ie.,

M "PHM T =T [w?]. 37

Here, T is an orthogonal matrix consisting of the eigenvectors
of M~'2HM ™'/ and

[w?] = - (38)

is a diagonal matrix consisting of the eigenvalues with the
characteristic frequency @; for each normal mode. Then the
normal mode coordinate transformation is

q=T"M"z 39)
and the Hessian matrix H satisfies
H=M"’T [} T"M">. (40)

Rewriting the discrete time evolution Eq. (36) in the normal
mode configurational space yields

At /
qn+1 = qn — ? [‘-‘-’2] n+ ZB TT (Nn +Nn+1) (41)

Denoting fi,, = T'T y1,,, we find that fi,, is still a standard normal
random vector. It is easy to verify that the evolution of each
degree of normal mode coordinate is independent in Eq. (41).
For the degree i, the evolution reads

o> At | At
qin+1 = <1_l,y) qin+ ﬁ (u1n+uzn+l) (42)

which takes the same form as that of Eq. (20) with a unit mass
for the one-dimensional case. Then we can directly employ
Eq. (27) to obtain the stationary distribution of g; as follows:

| 2
BAOA-limit /1 \ __ ﬁ 1 2.2
pst (ql) - 27.[ S CXp [ B 2 wz ql:| (43)

with the stable regime

O? At

<2. (44)

Since the distribution of each degree of normal mode coordi-
nate is independent, the stationary distribution in the normal
mode configurational space is then

k/2
p5BA0A limit (q) _ (5[) (det [wZ])l/Z

X exp{—ﬁ;qT [wZ]q}. (45)

By the inverse coordinate transformation @ = M -l 2Tq, we

obtain

P?AOA -limit ( m)
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/
(i)k " (det [w?]) " (et 2

X exp {—ﬁ;wTMl/ZT [wz} TTMl/zm}

B\ 12 1
(M> (detH)1/2exp{ﬁ2mTHm}. (46)

The result demonstrates that BAOA-limit generates the exact
Boltzmann distribution in the stationary state, when the sta-
ble condition of Ar Eq. (44) is satisfied for each characteristic
frequency ;.

The stationary distributions of EM and OABA-limit can
be derived by using a similar technique

o™ ()

k)2
:( ) (det{(l MY
2y

xexp{ 1 1-

(1o
OABA-limit ( .’I})
(

)

; Hm}, A7)

(e

xexp{ﬁlm <1 HM!

2y

)

)
S

)

H:c} . (48)

For both algorithms, the stable condition is shown in Eq. (44)
for each characteristic frequency ®;, and the infinitesimal time
interval limit A — 0 leads to the exact Boltzmann distribution.
It is trivial to find that the results proposed here for all the al-
gorithms are consistent with those of the one-dimensional case
when k reduces to 1. The advantage in the long-time behaviour
of BAOA-Ilimit algorithm is shown clearly. For both EM and
OABA-limit, numerical error in the stationary distribution is
the first order of At in comparison with the exact Boltzmann
distribution. Therefore, the accuracy of these algorithms is
consistent with that of the one-dimensional case as shown in
Eq. (32).

The average potential energy for each algorithm is also
derived conveniently from the one-dimensional case shown in
Section 2. For BAOA-limit, we have the exact result for the
Boltzmann distribution

<U>BAOA limit _ /pBAOA limit )%wTHm da

_ /pBAOA -limit ( qT [w?] qdq
1
_ Z/pBAOA limit () ~ @2 dg;
i=1 2
k
. 49
28’ (49)

of which the last step can be easily verified by Egs. (43) and
(33). Similar derivations for the other two algorithms can be

conducted by using Egs. (34) and (35). The results are as fol-

lows:
M 1 . 1
U = 25 LT (oay)

k

= pp 1o, (50)

oaBA-mic | o [, OFA
) "Bk (1 2y )

k

= p 1O (51

Once again, it can be seen that the accuracy of average poten-
tial energy is consistent with Eq. (32).

5. Conclusions

The high accuracy of BAOA-limit (or BAOAB-limit) al-
gorithm in the equilibrium configurational sampling has been
confirmed in previous studies. In this work, we present the evi-
dence for this statement in an exactly solvable system. Within
the stable regime of At, the numerical stationary distribution
generated by BAOA-limit algorithm of the harmonic system is
exactly the Boltzmann distribution, both for one-dimensional
case and for multi-dimensional case. The EM (OBAB-limit)
and OABA-limit, the other two algorithms considered here for
comparison, both lead to the stationary distribution with the
first order error of At. To derive the explicit expression of
the numerical stationary distribution, we conduct the stochas-
tic analysis of the discrete time trajectory. This method may be
extended to other numerical solutions of stochastic differential
equations.

Besides sampling the equilibrium canonical ensemble,
the overdamped Langevin equation can be employed in the
nonstationary process. For example, a conditional over-
damped Langevin equation for generating transition paths
from an initial state to a given final state is proposed.31-36]
Nonstationary distribution of overdamped Langevin equation
deserves further study. The performance of BAOA-limit algo-
rithm in sampling the transition path ensemble is of interest in
future work.

Appendix A: Numerical tests in quartic potential
model

In this appendix we present the numerical results for the
quartic potential model U (x) = }Tx“, for a comparison among
three overdamped Langevin algorithms in an anharmonic sys-
tem. For this model, we are not able to derive the exact solu-
tions of the stationary distributions of three algorithms, there-
fore numerical simulations are necessary. The simulations are
performed to calculate the average potential energy. The ex-

act value of the average potential energy for the Boltzmann
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distribution of this model is simply

_! plall s
<U)Z/exp{ ,B4x }4x dx
11 [19e PO/

="gz)3 o %
11 4
- - —B(1/4)x

1B Z e dx

1

We set f = 1 and ¥ = 100 in the simulations and employ
the time intervals Ar = 1,...,10. For each time interval, 20
independent samples are generated. The average and statisti-
cal error bar of any physical quantity are calculated over these
20 samples. The performances of three algorithms in calculat-
ing the average potential energy are shown in Fig. Al. Com-
parison of the numerical results with the exact value clearly
demonstrates that the BAOA-limit algorithm generates the
most accurate sampling in the quartic potential model. Thus,
the BAOA-limit also exhibits high accuracy in the stationary
distribution of the anharmonic system, while EM and OABA-
limit both lead to a significant error of Ar. The numerical re-
sults here are consistent with the exact solutions for the sta-
tionary distributions of three algorithms in harmonic system.

0.29 yeyen , , '
% ~o-B -limit e
2 0.28; o EM L
g 0.27f OABA-limit .=
© - Fixact e
S 026} e
: 0.25
S 0.24}
% 0.23f
5 0.22f
>
< 0.21f
0.20t . , , . :
0 2 4 6 g 10
At

Fig. A1. Results of average potential energy of quartic potential model
using different time intervals for three overdamped Langevin algo-
rithms. Statistical error bars are included.
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