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ARTICLE INFO ABSTRACT

Communicated by L.M. Woods

Using first-principles calculations and ensemble theory, we have calculated the ground-state energy and electronic

properties of Si Ge;,_ H¢ nanocrystals, and analyzed their stability and properties at finite temperatures. We
have determined the numerical correspondence between chemical potential and the proportion of element in
Si, Ge,_,H;s. The probability of various structures appearing within Si,Ge;,_.H,; nanocrystals depends on
temperature and chemical potential environment. The influence of vibrational free energy, as investigated by
theoretical computations, is also summarized. The research results show that vibrational free energy enhances
the structure stability by the occupation of Ge atoms and results in a more concentrated distribution of the gap
between the highest occupied molecular orbital and the lowest unoccupied molecular orbital.

1. Introduction

Nanocrystals have become one of the preferred materials for con-
trolling quantum phenomena at the nanoscale level. The quantum con-
finement effect allows the luminescent properties of nanocrystals to be
tuned by size [1-4]. Such control has brought remarkable performance
and extensive applications in the fields of solar cells [5], light emitters
[6,7], field-effect transistors [8], and nanosensors [9,10].

Alloying is a practical method for adjusting the properties of materi-
als and exploring novel materials. Due to similar lattice constants in bulk
silicon and germanium, spontaneously ordered Si, Ge,_, alloys have
been observed in epitaxial growth [35]. Although alloying makes the
system more complex, it also provides more opportunities to improving
the properties of nanocrystal materials. As silicon-germanium nanocrys-
tal is an infinite solid solution system, the internal atomic distribution
within nanocrystal is very complex. Both theory and experiment show
that: silicon-germanium nanocrystal exhibit stronger quantum confine-
ment effects than pure silicon nanocrystal and have the advantage of
fine-tuning the band gap by changing the atomic ratio of germanium
[11-15]. They are also nontoxic, exhibit good biocompatibility and
biodegradability, and possess stable chemical properties [16-18].

Structure prediction is essential in many fields of computational
science, from molecular physics and biochemistry to soft matter and
condensed matter. First-principles calculations can effectively predict
the stability and properties of materials at zero temperature. The to-
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tal energy of Silicon-Germanium nanocrystals can be estimated through
a bond energy model, where silicon atoms tend to replace germanium
atoms that have a greater number of adjacent hydrogen atoms, followed
by a preference for germanium atoms with a greater number of adjacent
silicon atoms [19]. The luminescence properties of nanocrystals can be
evaluated as the gap between the highest occupied molecular orbital
and the lowest unoccupied molecular orbital (HLG) [20,15].

The structure of nanoparticles depends on their size, chemical com-
position, order, and external conditions such as synthesis method, pres-
sure, temperature, support, etc. At a finite temperature, nanoparticles
can transform between different structures. In atomic nanoparticles,
temperature can play an important role and entropy becomes impor-
tant for the contribution of the free energy of individual configurations
[21-23]. Experiments show that the Si:Ge ratio and annealing temper-
ature will significantly affect the structure of the synthesized nanocrys-
tals, and the Si/Ge content within the nanocrystals is related to the
annealing temperature [24]. Typically, as the free energy is a function of
temperature, the atomic distribution in alloy structures will evolve with
changing environmental conditions [25]. Recently, it has been proposed
to directly calculate the free energy during the global optimization pro-
cess, providing a promising program for exploring energy landscapes
[26].

In this study, in order to take into account the temperature and chem-
ical potential environment while ensuring the accuracy of the calcula-
tions when studying the stability and electronic properties of Silicon-
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Germanium nanocrystals, we chose the smallest unit Si, Ge;,_,H;¢ as
the research object as a case study. The number of hydrogen atoms
selected here is 16 to ensure the surface passivation of the nanocrys-
tal, which is a common method to stabilize the structure and prevent
surface dangling bonds. This choice is consistent with previous studies
on similar systems. We perform high-precision first-principles calcu-
lations for all Si, Ge;,_,H;q structures to obtain the energies, HLGs,
and frequencies. To describe the stability of Si Ge;,_.H;q structures
in different chemical potential environments and temperatures, we use
the semi-grand canonical ensemble method to calculate the probabil-
ity of each structure occurring. This ensemble corresponds to the case
where the system exchanges particles with reservoirs, which may be fic-
titious, thus controlling size or composition at a fixed temperature. This
approach allows us to identify particularly stable components in mul-
ticomponent nanoalloys as the temperature increases and to study the
temperature-dependent changes in the properties of material [27,28].
We also considered the influence of vibrational entropy on structural
stability. By studying silicon-germanium nanocrystals, this can effec-
tively accelerate their application in modern semiconductor industry,
information industry, new energy, biomedical, and other fields.

2. Computational methods

Based on the density functional theory (DFT) method implemented
in the Vienna ab initio simulation package (VASP) [29,30], we per-
formed the first-principles calculations on Si, Ge;,_,H;s nanocrys-
tals. The Perdew-Burke-Ernzerhof generalized gradient approximation
(GGA) is applied [31,32]. The cutoff energy is set to 500 eV, and a
1x1x1 grid point is used in the Brillouin zone of the reciprocal lat-
tice. All structures are fully optimized and relaxed using the conjugate
gradient method until the force on each atom is less than 0.01 eV/A.
To avoid interactions caused by periodic boundary conditions, we use
crystal cells with vacuum distances greater than 10 A to ensure the ac-
curacy of the calculations. We used VASP to calculate the second-order
derivative of the total energy with respect to the ion position using the
finite difference method, construct the dynamic matrix and diagonal-
ize it to obtain the intrinsic vibrational modes and frequencies of the
system. Among the 3N modes calculated, the frequencies of 6 modes
are essentially zero due to the translational and rotational invariance of
the isolated system, and these modes were removed in our subsequent
calculations.

To study the stability and electronic properties of silicon-germanium
nanocrystals at different proportions, we need to know the atomic dis-
tribution of silicon-germanium nanocrystals at different concentrations.
The total number of structures is 1024, and due to the combinatorial
nature of alloying, the number of structures grows rapidly with the in-
crease in the number of Si atoms. Structural recognition helps avoid
many redundant calculations of the same isomers. Using the package
of Structures of Alloys Generation And Recognition (SAGAR) [33], we
provide the total number of inequivalent structures for various concen-
trations of nanocrystals in Table 1. There are 90 unique structures found
in 1024 possible candidates.

Here, we use the harmonic approximation to calculate the free
energy. In practice, the harmonic approximation requires calculating
the vibrational frequencies of local minima, which involves construct-
ing and diagonalizing the dynamical matrix (mass-weighted Hessian).
The energy of the particles in the harmonic approximation is given by
[34]:

3N
E=¢O+Zha)i(n,~+%),ni=0,1,2,--- )
i=1

Where ¢, is the interaction energy between atoms when all atoms
are at equilibrium positions, w; is the i-th characteristic frequency of
the particle. n; is the quantum number describing the i-th harmonic
mode. The partition function of the grand canonical ensemble of the
equilibrium system is:
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Table 1

The number of inequivalent structures of Si, Ge,,_ H,.
X 0 1 2 3 4 5 6 7 8 9 10
n 1 2 5 11 17 18 17 11 5 2 1

BV, T)= ) "N Z(NV.T) @
N
Z(N,V,T)=Y n,Z,N,V,T) 3)

o

Where = 1/kgT, kg is the Boltzmann constant, N is the number of
atoms, u is the chemical potential corresponding to the atoms. The equi-
librium proportions of atoms at a given temperature 7" depend on the
externally imposed chemical potentials y for each element. For a two-
element system, the only relevant parameter is the difference between
the assigned chemical potentials, here it’s Ay = ug; — piGge- 1, is the struc-
tural multiplicity caused by the symmetry of the structure. Z(N,V,T)
is the partition function of the canonical ensemble:

_ bho;
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The occupation probability of a nonequivalent structure can be written

as:
n,ePNz (N,V,T) ©
Po= =
“ Eu,V.T)

3. Results and discussions

In hydrogen passivated silicon-germanium nanocrystals, all sites oc-
cupied by Si/Ge atoms can be divided into three categories: site con-
nected with 0 hydrogen atoms (type A site), site connected with 1
hydrogen atom (type B sites) and site connected by 2 hydrogen atom
(type C site). Each type C site is separated by type A and type B sites.
Analysis reveals that the stability of the structure is related to the type
of site where the silicon and germanium atoms are located. In previ-
ous studies, we found that Si atoms tend to occupy sites with more
connected hydrogen atoms, followed by sites with more neighboring
Si atoms [19]. SijyH;¢ and Ge yH ;4 have high symmetry, with 24 sym-
metry operations. It’s a cage-like molecule surrounded by 6 type C sites
4 type B sites, as shown in Fig. 1(a). Due to symmetry, four type B sites
are equivalent, and six type A sites are also equivalent.

Through first-principles calculations, we got the total energy of
Si, Geo_,H¢. Because of the different chemical compositions between
structures, in order to compare their relative stability without consid-
ering the influence of chemical potential changes, we first compare the
structures with different doping conditions of the same cluster structure.
Here, we use the formation enthalpy to describe the relative stability of
the structures. The reference phases for Si, Ge;,_,H;¢ are Si; H;c and
Ge|oH¢. Therefore, the formula for calculating the formation enthalpy
AH is:

Esi s + (10 =0 Ege,oh g

10 ’
where E;, Eg y ., and Eg. y  are the total energies of the i-th
Si, Geg_Hje, SijoHj, and Ge oH;¢, respectively.

The formation enthalpy of Si, Ge;y_,H;4 is shown in Fig. 1(b). Un-
der each concentration of Si, Ge(_, H;¢, some structures have formation
energies less than or equal to O, indicating that Si,Ge;,_,H;q is not
phase-separated system. The lowest formation energy is -0.224 eV, cor-
responding to the most stable structure SigGe,H,c. Si atoms tend to
occupy sites with more connected hydrogen atoms, followed by sites
with more neighboring Si atoms. The lowest points of formation en-
thalpy for x =0 ~ 6 linearly change with the number of Si atoms, with
the energy difference between the adjacent lowest points being approx-
imately 0.036 eV. Similarly, the lowest points of formation enthalpy for

AH,=E, - (6)
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Fig. 1. (a) Structure of Si,Ge,;,_,H,¢, where pink spheres represent H atoms,
and Si and Ge atoms are represented by blue spheres and gray spheres, respec-
tively. (b) Formation enthalpy of Si,Ge,,_,H,4 is represented by a green solid
prism, and the convex hull points are represented by red circles. (c) HLGs of
Si, Ge,(_,H;s. The HLGs corresponding to the most stable structure at each con-
centration are connected by a solid red line.

x =6 ~ 10 also change linearly with the number of Si atoms, with the en-
ergy difference between the adjacent lowest points being approximately
0.056 eV.

We show the HLGs of Si, Ge,_,H4 in Fig. 1(c). The distribution of
HLGs ranges from 4.58 to 4.83 eV. The largest HLG is for Ge;yH,¢ with-
out Si doping, reaching 4.828 eV, and Si;yH ;4 has an HLG of 4.718 eV,
smaller than that of Ge;yH;s. The structure Si;Ge;H;4 with the low-
est HLG is given in the inserted plot. The structure SigGe,H;¢ with the
lowest formation enthalpy has the largest HLG among intermediate con-
centration structures, with a value of 4.804 eV.

Using the semi-grand canonical ensemble method, we can calculate
the expected value of the fraction of silicon and germanium atoms in
different chemical potential environments. Using Eq. (2), we obtain the
relationship between the proportion of Si atoms in Si, Ge,,_,H,¢ and the
chemical potential difference (Ap) between Si and Ge in Fig. 2. It can be
seen that the proportion of Si atoms is monotonically changing with Ay
when the temperature is constant, so a Ay can correspond to a unique
expected value of the proportion. Similarly, when we want to study the
system under a certain particle ratio, we just need to use Eq. (2) and
substitute the Ay value corresponding to the particle ratio into the equa-
tion. In the nanocrystal, the concentration of Si atoms increases with the
increase of Ayu. At low temperatures, the range of Ay corresponding to
concentrations 0 to 1 is relatively small. As the temperature increases,
this range will gradually expand. For the case without considering vi-
brational entropy, as shown in Fig. 2(a), when T=50 K, the range of
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Fig. 2. The proportion of Si atoms in Si, Ge ,_,H 4 nanocrystals with different
chemical potential environments and temperatures. (a) Results of only consid-
ering configurational entropy. (b) Results of considering both configurational
entropy and vibrational entropy.

Ay corresponding to the variation of Si atom concentration from 0.1 to
0.9 is -1.24 to 1.14 eV, and T=500 K, it is -1.30 to 1.09 eV. For the
case considering both configurational entropy and vibrational entropy,
as shown in Fig. 2(b). When T=50 K, the range of Ay corresponding
to the variation of Si atom concentration from 0.1-0.9 is -1.23 to 1.13
eV. And T=500 K, it is -1.28 to 1.01 eV. Comparing the two cases, we
find that at low temperatures, Ay range corresponding to the variation
of Si atom concentration from 0.1 to 0.9 is basically the same for both
cases. As the temperature increases, the rate at which the Ay range ex-
pands is faster for the latter case than for the former case, and the Ay
range moves in the direction of increasing values. Therefore, we can see
that if only the configurational entropy is considered, the chemical po-
tential corresponding to Si concentration equal to 0.5 hardly changes
with temperature. However, if both configurational entropy and vibra-
tional entropy are considered, the chemical potential corresponding to
a Si concentration of 0.5 will increase with temperature increases.

The relationships between the concentration of Si atoms occupied
at the type B(type C) sites and the total concentration of Si(x) in the
nanocrystal are showed in Figs. 3(a) and 3(c). At a low temperature
of 50 K, the curves considering the vibration entropy and ignoring it
are completely overlapped. It can be clearly seen that as x increases,
the Si concentration at type B sites begins to rise linearly after the type
C sites are fully occupied. When the temperature reaches 500 K, the
curves considering vibration entropy and ignoring it are no longer com-
pletely overlapped, but the overall trend is the same: when x is small,
the number at type C sites mainly increases, and the curve of type B sites
increases very slowly. When the total concentration is large, the curve of
type C sites increases slowly, and curve of type B sites increases faster.
In the case of vibration entropy, it is found that the concentration at
type B sites increases significantly when x is small.

The relationships between the concentration of Si atom at type
B(type C) sites and the chemical potential in the nanocrystal are showed
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Fig. 3. The variation of concentration at the type B(type C) sites. (a)(b) When
T =50 K, variation of concentration at the type B(type C) sites with total concen-
tration of Si(x) and chemical potential in the nanocrystal. (c)(d) The situation
at a temperature of 500 K.

in Figs. 3(b) and 3(d). When T =50 K, the concentration at both type
B and type C sites increases rapidly to the maximum value after the
chemical potential reaches a certain value. Without considering the vi-
brational entropy, the point of inflection of the curve at type B sites
is around Ay = —1.14 eV, and the point of type C sites is around
Ap = —1.23 eV, with a difference of 0.09 eV. These two values cor-
respond exactly to the change in total energy AE when a Si atom
replaces a Ge atom in Si,Ge H_ at sites C1 and B4 in previous work
[19]. The vibrational entropy moves the point of inflection in the di-
rection of increasing Au. When the temperature increases to 500 K,
the concentration increases more slowly with the chemical potential.
Without considering the vibrational entropy, the spacing between the
concentration curves of type B and type C sites remains at around 0.09
eV. Compared with the low-temperature case, the concentration begins
to increase at a smaller chemical potential. However, to reach the full
occupation number, the corresponding chemical potential needs to be
higher. Additionally, after considering the vibration entropy, when the
concentration of type B sites begins to increase significantly, the corre-
sponding chemical potential is higher.

We compared the most stable structures of Si Ge;s_, H;¢ and their
probabilities of occurrence with respect to the concentration of Si and
temperature, as shown in Fig. 4. Fig. 4 (a) represents the cases of not
considering vibrational entropy, and the figure is divided into 10 sec-
tions by white solid lines. SigGe,H;¢ as the lowest formation enthalpy
structure, which corresponds to the candle-shaped region around a Si
atom proportion of 0.6 in Fig. 4 (a). It is found that when the concen-
tration is around 0.6 and temperature under 180 K, the probability of
occurrence of this structure is very high. As the temperature increases,
the occupation probability of SigGe,H;, remains the highest, but the
probability decreases, indicating that the system is approaching a mixed
state of multiple structures. Experimental results show that nanocrys-
tals formed at high temperatures are more polycrystalline than films
annealed at 700 °C and 800 °C [24]. This is consistent with our calcu-
lations. The region corresponding to this structure gradually narrows
as the temperature rises until it is merged by structures on both sides
at 350 K and the most dominant position is replaced. The occupation
probability of the most stable structure near concentration of Si is 0.3,
corresponding to Si;Ge;Hg, is very low. And the region corresponding
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Fig. 4. The most stable structures of Si Ge,_ H,, and their probabilities of oc-
currence with respect to concentration of Si and temperature. (a) Results of only
considering configurational entropy. (b) Results of considering both configura-
tional entropy and vibrational entropy.

to SigGeyH ;4 gradually narrows with the increase in temperature be-
cause of the high symmetry of these two structures, resulting in a low
multiplicity of structures. In fact, in the areas close to dark blue, the
proportion of each structure is relatively small. Fig. 4 (b) presents the
results considering the vibrational entropy. The figure is divided into
11 sections by white solid lines, corresponding to the 11 most stable
structures with Si atom numbers ranging from O to 10. Similarly to the
situation in Fig. 4 (a), SigGe,H,¢ corresponds to the candle-shaped re-
gion around a Si atom proportion of 0.6 in Fig. 4 (b). It is merged by
structures on both sides and replaced at the most dominant position at
180 K, earlier compared to when vibrational entropy is not considered.
The distribution of HLG depends on the occupation probability.
Fig. 5 presents the distribution of HLGs for silicon atom concentrations
of 0.4 and 0.6. At low temperatures, the structures with small formation
energy are generally dominant, resulting in the peak of the probability
occurs at their corresponding HLG. As the temperature increases, the
probabilities of HLGs corresponding to other structures also increase.
When n = 0.4, the distribution of HLG at low temperature is concen-
trated between 4.73 eV and 4.80 eV. At 600 K, the distribution range of
HLG is significantly expanded, but several peaks are still concentrated in
the low-temperature range. In both cases, considering vibration entropy
will make the distribution of HLG more concentrated. When n = 0.6, the
most stable structure in the ground state is SigGe,Hg, so there is only
a peak corresponding to its HLG at low temperature. At 600 K, the dis-
tribution of HLG is very scattered, but the HLG of SigGe,H ¢ is still one
of the higher peaks. However, it can be seen that considering vibration
entropy will significantly reduce the peak height of SigGe,H;¢.

4. Conclusions

In summary, we used first-principles calculations to obtain the
ground-state energies and electronic properties of all possible struc-
tures of Si, Ge4_,H 4 nanocrystals. We used ensemble theory to analyze
Si, Ge4_,Hj¢ at finite temperature and determined the correspondence
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Fig. 5. The probability of HLG distribution for Si Ge;s_ H¢.

between chemical potential environments and atomic occupancy at dif-
ferent temperatures. By studying the probability of various structures in
Si, Ges_,H;¢ under temperature and chemical potential environments,
we analyzed the changes in stability and properties at different temper-
atures. At the same time, we also considered the effect of vibrational
free energy on stability and found that vibrational free energy makes
the stability of the structure closer to the occupancy of Ge atoms. Vibra-
tional free energy will significantly affect the probability distribution
of HLG, so it is very necessary to take it into account during the re-
search process. Our results show that by analyzing the temperature
effect more systematically and accurately, we can obtain the stability
and properties of nanocrystals that are closer to the actual situation,
further strengthening the role of theoretical calculations in nanocrystal
research.
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