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Energy landscape of Au13: a global view of
structure transformation†

Xiao-Tian Li,‡a Shao-Gang Xu,‡a Xiao-Bao Yang ab and Yu-Jun Zhao *ab

It has long been a challenge in physics and chemistry to acquire a global picture of the energy landscape

of a specific material, as well as the kinetic transformation process between configurations of interest.

Here we have presented a comprehensive approach to deal with the structure transformation problem,

along with the illustration of the energy landscape, as exemplified with the case of Au13. A configuration

space based on interatomic distances was proposed and demonstrated to have a strong correlation

between structure and energy, with application in structure analysis to screen for trial transition pathways.

As several representative configurations and their transition pathways ascertained and by projecting on

a plane, a visual two-dimensional contour map was sketched revealing the unique energy landscape of

Au13. It shows that the 2D and 3D clusters form two funnels in the high-dimensional configuration

space, with a transition pathway with a 0.976 eV barrier bridging them.

1 Introduction

In recent years, with the development of computer technology, a
flurry of intelligent methods have been put forward in computa-
tional physics and chemistry for material prediction, including
global optimization,1–4 high-throughput calculations,5,6 machine
learning7,8 and so on. They focus on the configurations with
excellent stabilities and novel properties for practical synthesis
and applications. Beyond that, the kinetic transformation of the
configurations is also of great importance for the guidelines of
synthesis, but remains a challenge, especially for the transforma-
tion between two vastly different structures.

Setting aside traditional molecular dynamics and Monte
Carlo, the kinetic properties can be derived from transition
state theory,9 which turns the problem into searching for the
minimum energy path (MEP) on the potential energy surface
(PES). Nowadays, there are two classes of approaches widely
used to locate the transition state (TS), the chain-of-states
approaches like the nudged elastic band (NEB) method,10,11 and
the surface walking approaches like the eigenvector following
method12 and the dimer method.13 The NEB method, for
instance, locates the TSs by optimizing a chain of images simulta-
neously, which requires an initial reasonable pathway nearby.

In general, this is hard to set up aside from straightforward
cases like diffusion processes and straightforward chemical
reactions. As a result, methods like the transition path
sampling14–16 and discrete path sampling17 were presented to
acquire the important pathways from the ensemble, and was
applied in the Lennard-Jones (LJ) clusters.

Besides, in the kaleidoscope of materials, there are typically
thousands of atomic configurations to be dealt with, where
an assortment of the structures is necessary. While the struc-
tures are typically located in a complicated high-dimensional
configuration space, they should be projected to well-defined
low-dimensional space for visual illustration. The disconnectivity
graph,18,19 for example, is a wonderful strategy to project the
structures into a one dimensional space with different threshold
energies connecting them. Similarly, we have presented a novel
eigen-subspace projection function (EPF) configuration space
recently, on the basis of which the distribution and properties
of LJ38 clusters and boron sheets were studied.20,21 Besides
the local minima, their kinetic transformations could also be
taken into account to obtain a more detailed energy landscape.
An efficient approach is thus presented here to screen for trial
pathways between vastly different configurations for the NEB
method, along with the illustration of the PES, as exemplified
with an instance of gold clusters.

Small gold clusters up to the size of Au26 have been recog-
nized to have vastly different structures, evolving from planar
shape, cagelike shape, pyramidal shape to tubular shape.22,23

Distinct from the analogs copper and silver, gold clusters at
small sizes prefer to form planar structures, which is attributed
to relativistic effects.24,25 Theoretical calculations predicted
that neutral gold clusters form two-dimensional (2D) structures
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up to Au12, with the shape change from 2D to 3D at Au13 and
Au14.26–28 As a result, gold clusters at the intermediate sizes
such as Au13 would have a variety of competitive configurations,
including both 2D and 3D ones. The kinetic transformation
between 2D and 3D Au13 clusters turns out to be interesting,
and was studied here by our pathway screening approach
combined with the NEB method, with a visual 2D contour
map sketched revealing the detailed energy landscape.

2 Methods

The trial pathways between two extremely different clusters, on the
whole, can be determined in three steps: the atom correspondence,
the orientation correspondence, and the detailed path. Among
them, the atom correspondence is most important, and we qualify
it by defining a metric, which, in a sense, quantifies the compati-
bility of the two clusters within the atom correspondence.

A commonly used distance between clusters p and q within
certain atom correspondence can be defined by the root-mean-
square (RMS) of the difference of their atomic coordinates

dcoord p; qð Þ ¼ 1ffiffiffi
n
p min

U
Rp �URq

�� ��; (1)

where R � (r1, r2,. . ., rn) A R3�n stands for the atomic coordi-
nates of a cluster with n atoms, and the absolute symbol
represents taking the Frobenius norm for the coordinates of
clusters p and q.29 Here the centroids of the two clusters should
be coincided beforehand, and then a rotation U A SO(3) is
operated on the cluster q to minimize the Frobenius norm. This
is an orientation problem between two coordinate systems, and
can be solved by the quaternion30 or singular value decomposi-
tion (SVD)31 methods.

Since it is the distances between atoms that are of vital
importance in physical interactions, a metric based on inter-
atomic distances may contain essential structural characteristics
related to the properties.32 A feasible distance between clusters p
and q within certain atom correspondence can be defined by

ddist p; qð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

nðn� 1Þ
XN�1
i¼1

XN
j¼iþ1

dp;ij � dq;ij
� �2

vuut ; (2)

where dij is the Cartesian distance between atoms i and j in a
cluster.

Although the two distances dcoord and ddist can qualify the
compatibility of two clusters within certain atom correspon-
dence, we could not evaluate all the atom correspondences even
for a small cluster with only 13 atoms due to the huge factorial
amount. Here we selected the reasonable atom correspon-
dences from the huge ensemble through two steps. First, for
two clusters with the centroids coincided, rotate one of them
by the three Euler angles (each from 2p/49 to 2p), and then
obtain the feasible atom correspondences by the Hungarian
algorithm.33 Second, for each feasible atom correspondence,
exchange the order of two or three atoms ergodically for
extensive atom orderings, until the best 200 ones converge with
minimum dcoord or ddist.

With the atom correspondences determined, the orientation
correspondence of the two clusters could be obtained by the
SVD method, and the detailed pathway could be achieved by
simply linking the corresponding atoms. Such a pathway in fact
is orthogonal to the manifolds of the two clusters swept by the
rotation U A SO(3), and turns out to be the shortest geometrical
path with less frustration in transformation. In this way, the trial
pathways were presented, which would be further optimized by
the NEB method to the minimum.

First-principles calculations were performed here based on
density-functional theory (DFT) with the projected augmented
wave (PAW)34 scheme, as implemented in the Vienna ab initio
simulation package (VASP).35 The spin-polarized generalized
gradient approximations (GGA)36 expressed by the Perdew–Burke–
Ernzerhof (PBE) functional were employed for structure optimiza-
tion. The energy cutoff was set to be 350 eV for the plane-wave
basis set, and the unit cell was set to be 20 Å � 20 Å � 20 Å to
eliminate the interactions between two neighboring clusters,
with a K mesh of 1� 1� 1. The convergence criteria of the force
on each atom was 0.01 eV Å�1 for the optimization. Following
the trial pathways provided based on a configuration space,
the climbing image nudged elastic band method (cNEB)11 was
adopted to optimize the transition pathways and states between
the gold clusters, with the convergence of force on each atom
less than 0.04 eV Å�1.

From the previous studies on Au clusters,26–28,37,38 we noticed
that different functionals were used for the DFT calculations, which
may lead to an intrinsic error bar. In particular, Assadollahzadeh
et al.28 had tested a lot of functionals and found that the nonlocal
correlation functional provided by Perdew and Wang in 1991
(B3PW91)39 is in good agreement with the precise all-electron
calculations for the dipole polarizability of the gold atom.40

Besides, Bulusu et al.38 have examined the basis-set effects on
the relative energies of Aun (n = 15–19), and found that the PBE
functional is suitable for the calculations. Following the work of
Bulusu et al.,38 we utilized the PBE functional for our study.

3 Results and discussion

We aimed at the low-lying landscape of Au13 in this work.
Firstly, we explored the most stable configurations for 2D and
3D structures separately. For the 2D configurations, we noticed
that the most stable configurations are indeed planar triangular
structures according to previous works.22,23,26–28 As a result,
we have constructed all the planar triangular clusters (in total
328 ones), whose atoms have at least two neighboring coordina-
tions (for stability consideration) by the EPF method.20,21 As
for the 3D configurations, we explored the PES by a novel
random method. We manipulated an image on the PES from
one local minimum to a nearby local minimum by the adding
of a pseudo-potential, which is a function of the distance (e.g.
ddist) to the initial local minima. After attaining a new local
minimum, the Metropolis criterion was then utilized to decide
whether to accept the new local minimum or not. We have
attained more than 1500 3D configurations in total by the
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random search method. All the 2D and 3D structures were then
optimized precisely by the DFT calculations to the local minima,
and the most stable structures were selected to construct a 2D
projection map (see Fig. S1 in ESI†), showing the landscape of the
Au13 cluster.

In our calculations, we found that a 2D structure with Cs

symmetry (set to 0 eV) turns out to be the most stable configu-
ration, while a 2D structure with C2v symmetry (0.026 eV) has
the second best stability (see also Fig. 2). The 3D structures are
indeed less stable than the 2D ones, and the most stable 3D
structure with C3v symmetry is 0.389 eV higher than the most
stable 2D one in total energy. Our results are consistent with
previous studies in general. For example, Xiao et al.27 and
Assadollahzadeh et al.28 predicted that a 2D structure with C2v

symmetry is the most stable configuration, which turns out to be
the second most energetically favored (0.026 eV) in our results.
Besides, Xiao et al.27 predicted that the most stable 3D structure
is a structure with C3v symmetry, and is B0.39 eV higher than
the most stable 2D structure, which are consistent with our
results (with C3v symmetry, 0.389 eV higher).

From the PES search of Au13, we ascertained three repre-
sentative configurations with the best stabilities for both the
2D and 3D structures. For each pair of the six configurations
of Au13, 10 trial pathways were generated by our pathway
screening approach, and then optimized to the MEPs by
the cNEB method. Much of them converge quickly (within
200 iterations), and the correlation between the barriers and
distances are shown in Fig. 1, where the pathways are divided
into three groups according to the structures of their initial and
final states.

As expected, both dcoord and ddist exhibit a strong correlation
with the barrier, showing their abilities to screen for trial path-
ways. Among them, ddist has a stronger correlation, especially for
the 2D–2D transitions, with a larger correlation coefficient of
0.84 than 0.70 for dcoord. Indeed, a well-defined metric based on
interatomic distances may reveal some essential characteristics
for the structural transformation, like the ddist. As shown in
Fig. 1(b), the ddist between 2D and 3D structures is apparently
larger than that of 2D–2D and 3D–3D ones, in accordance
with our intuition. These lead to the much larger barriers of
2D–3D transitions, showing the relevant role of ddist in structural
transformation.

With the most stable configurations and the transition
pathways between them ascertained, a 2D contour map of the
low-lying landscape of Au13 was sketched, as shown in Fig. 2.
The positions of configurations on the 2D map are determined

by minimizing
P
p;q

d2D p; qð Þ � ddist p; qð Þð Þ2, where d2D( p,q) is the

distance of clusters p and q on the 2D map, while ddist( p,q) has
taken into account all the atom correspondences to obtain the
minimum distance. Naturally, ddist( p,q) is chosen here rather
than dcoord( p,q) for its stronger correlation with the PES.

In the schematic diagram, the 2D and 3D clusters are clearly
separated, a good reflection of their structural differences. The
2D cluster region is apparently lower-lying than the 3D one,
with the global minimum 2D-Cs-1 (0.000 eV) located at the

Fig. 1 Correlation of barriers and distances of the converged pathways of
Au13. The barriers are with respect to the global minimum 2D-Cs-1.

Fig. 2 2D contour map of the low-lying landscape of Au13. The stars stand
for six representative configurations with the best stabilities, with their
detailed structures, notations and energies alongside, while the dots
represent the intermediate images along the MEPs. The background color
reflects the relative energies (in eV) with respect to the global minimum
2D-Cs-1, with the energies of the surrounding points achieved by
interpolation.

PCCP Paper

Pu
bl

is
he

d 
on

 2
7 

Ja
nu

ar
y 

20
20

. D
ow

nl
oa

de
d 

on
 4

/7
/2

02
0 

10
:0

4:
39

 A
M

. 
View Article Online

https://doi.org/10.1039/c9cp06463j


This journal is©the Owner Societies 2020 Phys. Chem. Chem. Phys., 2020, 22, 4402--4406 | 4405

middle left. In contrast, the 3D cluster region is about 0.4 eV
higher, with the most stable 3D configuration 3D-C3v (0.389 eV)
located at the middle right. It is interesting that the 2D and 3D
cluster regions separate not only in distance, but also in energy
barrier, which has already been inferred by the foregoing
distance–barrier correlation. As the contour map depicts, the
2D and 3D clusters get together due to their similar structures
and lower barriers, forming two corrugated funnels in the high-
dimensional configuration space with relatively higher barriers
separating them.

Although the contour map well reflects the landscape of
Au13, there is, however, an ‘‘irregularity’’ with it when paying
attention to the details. That is, the pathway between config-
urations 3D-C3v and 3D-Cs on the lower right has two inter-
mediate images alongside the path, as indicated by the arrow.
By our further study, we found that the unforeseen irregularity
is ascribed to the peculiar landscape around configuration
3D-Cs, a sandwich structure whose top and bottom layers are
each constructed by three atoms in triangle, with seven inter-
layer atoms distributed around. Clearly, the interlayer atoms
are insufficient to circle around entirely, with lack of an atom at
the lower right. The corresponding inadequate bonding at the
lower right thus leads to the instability of 3D-Cs, and by
contrast, with an extra atom to provide completion, the perfect
sandwich structure of Au14 exhibits outstanding stability and
becomes more stable than the best 2D clusters, as shown in the
ESI† (Fig. S2). That is why the structural mutation from 2D to
3D for gold clusters occurs at Au13 and Au14.

Due to the insufficiency of interlayer atoms in 3D-Cs, there are,
in fact, a series of sandwich configurations with different inter-
layers in shape. They have similar structures and comparable
stabilities, forming a small corrugated basin on the PES, along
with 3D-Cs. A contrasting contour map is provided in Fig. S3 (ESI†)
in consideration of these sandwich configurations, revealing the
detailed landscape around 3D-Cs. It shows that the pathway from
3D-C3v towards 3D-Cs is influenced by the corrugated basin when
passing through the sandwich structure SW1 (see the detailed
pathway in Fig. S4, ESI†), leading to the irregularity in Fig. 2.

This can be also illustrated by the configuration scatter
diagram in Fig. S1 (see ESI†). Unlike the other five structures
(i.e. 2D-C2v, 2D-Cs-1, 2D-Cs-2, 3D-C2v, 3D-C3v), the 3D-Cs is in
fact deeply surrounded by many other local minima. As a result,
the pathway from 2D-Cs-2 to 3D-Cs and the pathway from
3D-C3v to 3D-Cs turn out to be complicated and flexuous, and
thus are difficult to be set up. We need to consider the paths
through local minima comprehensively, and achieve the actual
pathway step by step.

With the overall PES of Au13 as illustrated in Fig. 2, it is now
feasible to obtain the lowest pathway between 2D and 3D
structures. Typically, the configurations 2D-Cs-1 and 3D-C3v

are relatively similar: 3D-C3v is trigonal symmetrical with an
atom at the center, while 2D-Cs-1 is approximately trigonal
symmetrical with an atom projecting at the top left. As a result,
the transition between 2D-Cs-1 and 3D-C3v turns out to be easier
compared with other 2D–3D transitions. As seen in Fig. 3, the
projecting atom of 2D-Cs-1 is less strongly bound and deforms

initially in the transformation, leading to the bulging out of one
of its neighboring atoms, and the following structural deforma-
tion. The pathway has a fairly low barrier of 0.976 eV, linking
the 2D and 3D cluster funnels.

4 Conclusions

In summary, an efficient approach is presented to screen for trial
pathways between vastly different configurations, irrespective of
the underlying mechanics and based on the atomic configurations
only. A study about Au13 shows that on the basis of a configuration
space the structures can be arranged and projected on a 2D map
revealing the energy landscape visually. Typically, the 2D and 3D
clusters get together respectively due to their similar structures and
lower corresponding barriers, forming two corrugated basins in
the high-dimensional configuration space. As the 2D map demon-
strates, configurations 2D-Cs-1 and 3D-C3v are relatively similar
with a transition pathway with a fairly low barrier of 0.976 eV
linking the two basins.
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40 P. Neogrády, V. Kellö, M. Urban and A. J. Sadlej, Int.

J. Quantum Chem., 1997, 63, 557–565.

PCCP Paper

Pu
bl

is
he

d 
on

 2
7 

Ja
nu

ar
y 

20
20

. D
ow

nl
oa

de
d 

on
 4

/7
/2

02
0 

10
:0

4:
39

 A
M

. 
View Article Online

https://doi.org/10.1039/c9cp06463j



