10OP Publishing

Journal of Physics D: Applied Physics

J. Phys. D: Appl. Phys. 58 (2025) 135304 (11pp)

https://doi.org/10.1088/1361-6463/adad81

Floquet-engineered dynamics of
Rydberg atom coupling to
superconducting circuit: avoided
crossings and their facilitation

Yijie Yao', Jiarui Zeng”>® and Yao Yao'~*

! Department of Physics, South China University of Technology, Guangzhou 510640, People’s Republic

of China

2 School of Physics and Optoelectronic Engineering, Hainan University, Haikou 570228, People’s

Republic of China

3 State Key Laboratory of Luminescent Materials and Devices, South China University of Technology,

Guangzhou 510640, People’s Republic of China

E-mail: yaoyao2016@scut.edu.cn

Received 21 November 2024, revised 10 January 2025
Accepted for publication 23 January 2025
Published 6 February 2025

Abstract

®
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Avoided crossings are always assumed to be a natural result of degeneracy lift. In order to
perform quantum simulations of this, one can utilize a Rydberg atom periodically driven by a
microwave field, and by further coupling to a superconducting (SC) quantum circuit, the
avoided crossing can be largely enhanced depending on the coupling strength. The entire
diagram of transition probability is investigated and the parameter regimes for the facilitation of
avoided crossings are determined, which will be extremely useful for realistic experimental
designs. We then employ the Floquet theory to calculate the quasi-energy distribution of the
Rydberg atom, especially in the blue-detuning regime. The opening and closing of the
quasi-energy gap is surprisingly found to be insensitive to the frequency of the SC circuit. The

anharmonicity of the circuit is also analyzed.
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1. Introduction

Nature normally favors to be thermalized, so that the degener-
acy of energy levels has to be lifted [1, 2]. From a dynamic per-
spective, this means that level crossings are usually avoided;
i.e. when the energies of two quantum states approach, they
do not intersect but just keep a finite dynamic gap [3]. This
phenomenon first arises in adiabatic processes of quantum
dynamics, in which the Bonn—Oppenheimer approximation
fails, meaning that near these points, the properties of the sys-
tem change sharply. It is thus important to understand quantum
phase transitions, molecular dynamics, and other dynamic

* Author to whom any correspondence should be addressed.

properties in material science. In the analysis of chemical
reaction pathways, avoided crossings correspond to the dia-
batic intersection points of the potential energy surfaces, dom-
inating the rate of the reaction. It is well known that, for
example, the photochemical Norrish type II process as well
as other major photochemical reactions involve an intersec-
tion between the energy surface for an excited reactant and
that for a ground reactant [4]. Also, in studies related to elec-
tron transfer in pigment—protein complexes during photosyn-
thesis, the energy is rapidly and almost completely transferred
between different pigment molecules by avoided crossings
[5]. It is therefore important to concretely simulate avoided
crossings in a quantum computational manner to gain more
insight into this essential effect, which to our best knowledge
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has not been sufficiently studied, partly because most of the
quantum platforms are based upon a single system whose
external environment is not controllable [6-9]. With state-of-
the-art composite systems, however, the bosonic environment
can be controlled [10], providing an important platform for
simulating avoided crossings.

Quantum computation has the capability to exponentially
increase computing power through connected or compos-
ite quantum qubits, and has dramatically advanced in recent
decades [11-14]. Many promising systems have emerged in
the research of platforms for realizing quantum computations,
such as superconducting (SC) circuits that can quickly process
information encoded in their quantum states [15], Rydberg
atoms that can be used as long-lived quantum memories due to
their long coherence time [16], photons that can quickly trans-
mit quantum information, and so on. In addition to their indi-
vidual utilization, Wallquist F Upkbpbsed the concept of com-
posite quantum systems, which combine these different phys-
ical systems to achieve functional complementarity [17]. Yu

F U piBoppbsed a quantum composite system in which Rydberg
atoms and SC circuits are capacitively coupled [18], and the
atomic energy spectrum is adjusted by an electrostatic field.
Walker F U iBeltified the effects of inhomogeneity in the
microwave field distribution on the coherence time of the inter-
action between the atom and the field of a resonator [19]. The
recent literature has mostly focused on improving the coup-
ling strength of the Rydberg atom and the SC co-planar wave-
guide microwave resonator [20, 21]. In this setup, the coupling
strength of the atomic qubits to a single photon is much greater
than the relaxation rate, opening the door to cavity-mediated
state transport.

Following the improvement of structural diversity of the
quantum computation platform, the design and regulation of
quantum states has become more and more important. In
the analysis and processing of quantum information, it is
often necessary to prepare and manipulate specific quantum
states [22]. Under static conditions, once the quantum state
is prepared, the parameters are difficult to recontrol, and the
additional periodic drive introduces temporal control [23—
25], which greatly expands the controllability of the quantum
system [26]. Engineering through periodic drives is called
Floquet engineering [27], which can be applied to compre-
hend the mechanism of avoided crossings by using the eigen-
state of the time translational operator. Shirley proposed the
infinite-dimensional Floquet matrix to solve the Schrodinger
equation of the Hamiltonian with the time period [28], so as
to make the Hamiltonian timeless, which is suitable for the
conventional solution of the stationary Schrodinger equation.
Sambe then proposed a general formalism for systems where
Hamiltonian quantities are periodic in time [29], defining the
specific bundle state solution of the equation belonging to
the irreducible representation of the time-translational sym-
metry group as a steady state, and the irreducible representa-
tion of the eigennumber as quasi-energy. The results show that
the defined steady state and quasi-energies behave like those
in conservative systems, and for the resonance case, undis-
turbed quasi-states become degenerate such that the transitions
between discrete levels can be closely related to the avoided

crossings. In order to better approximate the microwave pulses
used in the experiment, Holthaus F U [BOM32] proposed the
instantaneous Floquet state instead of roughly approximat-
ing the pulse field in terms of continuous waves; that is, the
Floquet state is presented as an instantaneous ground state on
which the actual quantum state evolves in an adiabatic or non-
adiabatic manner at the level crossings [33]. In addition, Ikeda
F U @Bddosed the Landau—Zener transfer matrix theory for
avoided crossings to study instantaneous Floquet states driven
by intensely pulsed lasers [34].

In this context, one can see that, on the one hand, the
Floquet engineering of quantum composite systems strongly
correlates with the natural avoided crossings, which has to be
carefully studied before the fabrication of realistic devices,
and, on the other hand, the avoided crossing can be eas-
ily simulated by the composition systems to reveal the cir-
cumstances where the avoided crossing is facilitated. In this
paper, therefore, we calculate the dynamics of composite sys-
tems of a Rydberg atom and SC circuit periodically driven by
microwaves, as well as the transition probabilities and quasi-
energies, by adopting Floquet engineering [35]. We investigate
the whole dynamic phase diagram with respect to the coupling
strength and SC frequency, which is of great significance for
the parameter design of composite systems as well as the pre-
paration and manipulation of quantum states [36].

2. Methodology

.PEFM )BNJMUPOJBO

We consider a composite quantum system consisting of a
Rydberg atom coupled to an SC circuit within a field of
microwaves, with the total Hamiltonian being

)=)st+)r+ )it )E (D

The SC circuit is constructed by a capacitor, an inductor,
and a Josephson junction, with its anharmonic Hamiltonian
given by

2 2 2
)s=7$+2_ &cos — 2

where 2 is the charge of the SC circuit, $is the capacitor,
is the magnetic flux, - is the inductor, & is the Josephson
energy introducing the anharmonicity, and (= |=2 Fis the
flux quantum. In order to quantize )g, the commutation rela-
tion is given as [A;/?] = JWe set | =1 throughout this work.
Then, the rising and lowering operators are introduced as

r—
1

21 $
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r
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with[BB]=1and! = 1:p - $being the characteristic fre-
quency of the SC circuit. Ignoring the particle-nonconserving
and constant terms, the Hamiltonian of the SC circuit after
second quantization can be written as

)s=! BB+ HBYBB 4)
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Figure 1. (a) Eigenenergy of )1z versus

where H w‘%; describes the strength of anharmonicity.

Rydberg atoms are highly excited to two adjacent internal
states, which are close to each other but far away from other
energy levels. It can be regarded as a two-level system with the
Hamiltonian being written as

&)

)R = B} B
where is the energy level difference between the two states,
and (J= YZ) is the Pauli matrix. The atom is placed at
the midpoint of the SC inductor so that it can interact with
the magnetic flux of the SC circuit. The magnetic field in the
inductor of the SC circuit can be represented by # (B + B.
The interaction Hamiltonian between the Rydberg atom and
the SC circuit can then be written as
JI=LB+B j (6)
where Ldenotes an adjustable coupling strength. In addition,
a microwave with frequency ! ¢ acts as a pulsed field exer-
ted on the Rydberg atom. The envelope of the microwave
pulse is assumed to be Gaussian, and its Hamiltonian can be
written as
(Y v @)

)E=

F (15 cos(! o W with
2
wo ”

where (W=
strength of the microwave and 5=

being the driven

o -
[6)] - (63}

Quasienergy
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, and (b) its time dependence. (c) and (d) are the relevant curves in the Floquet theory.
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Throughout this work, we mainly focus on the transition prob-
ability between two levels of the Rydberg atom. The initial
state of the hybrid system is assumed tobej ( 1 )i =j#;0i;
with the down state # denoting the lower level of the Rydberg
atom and Qhe relevant populated level of the SC circuit, and
then it evolves in time following the total Hamiltonian. It is
noted that the term in the Hamiltonian that leads to the state
transition of the Rydberg atom is the transverse field of the
microwave in the Ydirection, which quickly decays following
the Gaussian envelope. Hence, after a sufficiently long time
evolution the state will be stabilized as ] (1 )i, and then we
calculate its population on j"i as

X
= h5Q (1)
o)

®)

to determine the final probability of the transition from bottom
to top.

One may notice that, ignoring the SC circuit, the
Hamiltonians of the Rydberg atom and microwave take a
standard Landau—Zener-like form as follows:

)iz = )r+ )F )
The eigenenergy and time-dependent microwave field are
illustrated in figures 1(a) and (b). It is clear that the field period-
ically enforces the Rydberg atom through the crossing point,
and the states become hybridized states of up and down due
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to avoided crossings. There have been a couple of approaches
to deal with this issue, such as the adiabatic-impulse method,
rotating-wave approximation, and dressed-state picture [3].
Based upon the adiabatic-impulse model, if the initial state is
given as j#i, the population of the final state ] (&1 )i at
j"i can be derived as a Gaussian distribution on the dynamic

energy gap.

'"MPRVFU FOHJOFFSJOH

For the model we are now interested in, however, the men-
tioned approaches do not really work because the SC circuit
is important to change the adiabatic states. To this end, we
adopt Floquet engineering to eliminate the periodic term of
the microwave field so that the influence of the SC circuit can
be highlighted [3].

To solve the time-dependent Schrodinger equation
&, (YW=)(Y (Y fora periodic Hamiltonian ) (4 5 =
)(Wwith 5=2 =!,, one can introduce a time translational
operator 5 commuting with ). The eigenstate of this oper-
ator, which is called the Floquet state, can be given as

F(BSY Y=] Y 5= ¢ W

&Y should have a

(10)

According to the Floquet theory, ]
stroboscopic-fashioned form as follows:

i d¥=e P Y

where | M U 5i =) W W, ois the so-called quasi-energy,
and j ) is the relevant quasi-state or Floquet mode.
Substituting this into equation (10), it can be found that

an

o=e %

(12)
which does not depend on UThen, one can effectively define
a Floquet Hamiltonian ) (') so that the translational operator
can be equivalently written as (& § Y=e *(¥5 with the
relevant Floquet expansion

X
JE(Y=

o}

& M Wh \e( Y: (13)

Quasi-states with the energy formed as in equation (11) can
be analogous to the first Brillouin zone of the spatially periodic
Hamiltonians. Obviously, there is the freedom to add a term
2 Mith Meing integer to the phase bSwithout any changes.
Since adding M to the quasi-energy is equivalent to adding

Mhotons to the microwave, Man be called the photon index.
Engineering the photon number can largely help us compre-
hend the energy structure of the periodic Hamiltonian as well
as its dynamic features. Specifically, the Floquet state can be
rewritten as

i oMl =e ot MIP\geh;
with j Vog) = e!™ P\ ). The time evolution of j (W is

then expanded in the basis of j Vo). The respective quasi-
energy and time-dependent microwave field are illustrated in

(14)

figures 1(c) and (d), in which one can find that the peri-
odic term of the microwave field has been eliminated so that
the variation becomes much slower than that without Floquet
engineering.

3. Results

In this section, we mainly simulate the transition probabilities
under the influence of the SC circuit. The phase diagram of
the standard Landau—Zener model for both the driven strength
of the microwave and the difference of two energy levels
is well known in the literature, especially the avoided cross-
ing, and we focus on how the SC circuit in a realistic quantum
simulation facilitates that crossing. We first study the effect of
the harmonic SC circuit with the anharmonic term set to be
zero and then consider the anharmonicity in the last subsec-
tion. The driving frequency ! ( = 1 is fixed as an energy unit for
simplicity. With the state-of-the-art setup of the atom chip in
the microwave cavity, the detuning is around 30 MHz and the
optimum coupling strength is about 433 kHz [37, 38], which
is smaller by one to two orders. In the calculations, we then set
the coupling strength Lto be one to two orders smaller than
the energy offset of the atom. The quasi-energy index Qs set
to be from 1 to 6, and the photon index Mhkes three copies
1;0; 1, which are sufficient to clearly manifest the avoided
crossing structure of the quasi-energies. The negative photon
number can be regarded as stemming from the negative fre-
quency of the anti-rotating wave of photons.

58BOTJUJPO QSPCBCJIJMJUJFT

Figure 2 displays the diagrams of the transition probability
versus the driven strength  and the energy level difference

of the Rydberg atom, with respect to various SC circuit
frequencies ! and coupling strengths Lbetween the SC cir-
cuit and atom. In these diagrams, the red patterns mean the
up state is populated, stemming from either Rabi oscillation
at the resonance or the avoided crossing. In the latter case,
the initial down state is hybridized during the opening of the
gap, otherwise the down state crosses and keeps the popula-
tion unchanged. It is then found that when the internal coup-
ling of the composite system is weak enough, namely when
L=0.01, the diagrams for all SC frequencies ! are similar
to those of the standard Landau—Zener model, i.e. there is
only a narrow oscillating pattern at the resonance due to Rabi
oscillation [34]. At weak driven strength, e.g. =0.3, 1 only
becomes red and oscillates when the atom energy level differ-
ence and driven frequency are in resonance, say for =1 as
the driven frequency ! ( is set as unit energy, which can be
explained by the rotating-wave approximation [39]. At strong
driven strength > 1, 1 becomes red and oscillates in the
red-detuning regime (> 1) away from resonance, which can
then be explained by the avoided crossing of Floquet quasi-
energies [32]. Additionally, the red pattern becomes larger
as increases, meaning the microwaves with stronger driven
strength can facilitate the transition with a larger energy level
difference.
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Figure 2. Transition probability 1 versus the driven strength of microwave o and the energy level difference of atom £, for different
coupling strengths Land SC circuit frequencies w without anharmonicity.

When Lis increased to 0.05, for example, 1 becomes vis-
ible in the blue-detuning regime ( < 1) near resonance for
I =0.1 and 0.2, which behaves like that in resonance, while it
becomes weak when L=0.01. Atstrong driven strength > 1,
there are additional patterns emerging as ! increases. When
L= 0.1, the red areas near resonance for ! =0.1 expand and
those for ! = 0.2 are even larger. For! =0.4, 1 is populated
in the deep blue-detuning regime ( <0.6) with relatively low
driven strength . Furthermore, the behavior of 1 in the red-
detuning regime is similar to that of L=0.05 for all ! , except
the red is lighter than that of L=0.05. When L=0.2, 1: only
becomes red in some resonance areas at weak driven strength.
Atstrong driven strength > 1, almost the whole red-detuning
regime is populated, regardless of whether it is near or far
from the resonance. However, the red of 1 is lighter than that
with weaker coupling. As a consequence, from left to right
in figure 2, the range of in which the transition takes place
becomes significantly larger as Lincreases, but from top to bot-
tom the pattern almost does not change as ! increases, imply-
ing that the avoided crossing is insensitive to the SC circuit
frequency.

Figures 3-5 represent the quasi-energies with three rep-
licas of different frequencies ! and coupling strengths Lfor
=0.8, and figure 6 represents that of different frequencies !
for =0.3, l=0.1. 1 denotes the population of j Vg )i on

j#i, defined as

XO
h# P\on W5

3=0

1 5)

and 1; denotes the population of j Vg ) on j#;0i, namely,

1 = h# 0j by M- (16)

In the following discussion, for the sake of brevity, we denote
j Vofe) with just the index ( Q MFrom the color of 1y, we
can infer whether the Floquet states are close to the down or
the up state, and from the color of 1;, we can infer which
Floquet state is close to j#; 0i, and thus the state on which the
initial state begins to evolve. For example, from figure 3(b2),
we observe that (4, 0) is magenta and all other states are cyan,
so we can infer that the initial state was located on the state

2VBTJ FOFSHZ EJTUSJCVUJIPO Jo ¢ Mk hs/Rseiines Fiis pgans that the state (4, 0) can be

In order to understand the underlying mechanism of the facilit-
ation of avoided crossings, quasi-energy structures with vari-
ous parameters are analyzed. The significance of the quasi-
energy is that it describes the long-term behavior of the
Floquet state. Specifically, the phase of the Floquet state varies
linearly with time, and its rate of change is determined by the
quasi-energy. Thus, quasi-energy can be used to describe the
energy level structure and band structure from Floquet engin-
eering, as well as the topological properties.

safely regarded as the initial state of the time evolution.

Since in the absence of the SC circuit the blue-detuning
regime does not have any population of the up state, we mainly
focus on the emergence of avoided crossings in this regime
so that the mechanism of SC facilitation of avoided cross-
ings can be clarified. Most interestingly, the avoided cross-
ing only appears between states (4,0) and (3; 1). When the
coupling is small, the energy of (4,0) and (3; 1) will cross
each other, allowing level crossing, and when the coupling
increases, the avoided crossing emerges as the energy between
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Figure 3. Quasi-energies for 8= 0.8 and w = 0.1 versus the driven strength of microwave « with various coupling strengths L In pattern
(a), there are three quasi-energy bands (Floquet replicas) with photon number M —1,0, 1 from bottom to top, which are denoted in (a4) as
there are visible gaps to distinguish the bands. In each band, there are six quasi-states. Initially, the color cyan indicates that the quasi-states
are equivalent to the up states, and from bottom to top their indices are labeled 1-3. The color magenta means that the quasi-states are
equivalent to the down states, with their indices being 4—6 from bottom to top. In pattern (b), the replicas —1 and 0 are plotted, with the
color magenta denoting a product of down state and vacuum level of SC circuit, the initial state of the time evolution. For example, the red
squares highlight the quasi-states (4,0) and (3, —1), and in (b1) the (4,0) is magenta, meaning it is almost the initial state, while (3, —1) is

cyan, implying that it consists of other components.

(4,0) and (3; 1) is approaching. When the coupling con-
tinues to increase, the avoided crossing is destroyed by the
increase in the energy level difference.

It is found that, at weak coupling L=0.01 for ! =0.1 and
0.2, the quasi-energy of state (4, 0) equivalent to j#; 0i and that
of (3; 1) equivalent to";2i are degenerate at the beginning,
as labeled by the red squares in figures 3(b1) and 4(bl). It is
surprising that there appears to be crossings between the low-
est states, one of which is increasing in energy (4, 0) while the
other is decreasing (3; 1); they are not mixed with each other.
In other words, the degenerate states (4,0) and (3; 1) are not
in resonance because of a selection rule prohibiting hybridiz-
ation, formed as

5
/Ohv,o(u)(w, 1(91%”:0: (17)

Namely, the matrix element between (4, 0) and (3; 1) is zero.
Here, the essential fingerprint is the color of the curves, namely
the projection ( 1) of the Floquet state onto the initial state. In
figure 3(b1), the magenta color means that the relevant Floquet
state is equal to the down state, namely the initial state of the
evolution. On the other hand, the cyan color means that the rel-
evant Floquet state is completely orthogonal to the down and

vacuum state. Since the Floquet state is the eigenstate of the
translational operator, it means following time evolution, the
initial state (that is, the product of the down and vacuum state)
will never evolve to the cyan state to induce the avoided cross-
ing. From the color of the curves in figure 3(bl), therefore,
we can note that the quasi-state (4; N is equivalent to the ini-
tial state j#; 0i, while (3; N is equivalent to j";2i. Therefore,
more generally, the relevant transition matrix element between
j"; N and j#; Tis vanishing if N& Twhich reveals the mech-
anism of the forbidden transition.

When L= 0.05, there emerges an avoided crossing between
(4,0)and (3; 1) around =0.1for! =0.1and =0.4 for
I =0.2, leading to a nonadiabatic transition between (4, 0) and
(3; 1) and thus a state transition of the atom. Compared to
the standard Landau—Zener model, which does not have an
avoided crossing in the blue-detuning regime, it is clear that in
the composite system the up and down states that are dressed
by the same photon numbers possess a large quasi-energy
gap while those with different dressed photon states close
the quasi-energy gap, giving rise to the avoided crossing. For
instance, the quasi-energy gap between the (1, 0) equivalent to
j";0i and (4, 0) is large, while that between (4,0) and (3; 1)
is small. Using the Floquet replicas plotted in figures 3-5, a
more general conclusion can be drawn that the quasi-energy
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Figure 8 displays the quasi-energy structures with anhar-
monicity for =0.2 and =0.6 at L=0.1, ! =0.2, and
H=0.2 versus the driven strength of the microwave . By
comparing the avoided crossing structure with and without
anharmonicity for =0.2, it can be found that in the har-
monic case, there is no avoided crossing due to the large quasi-
energy spacing between (4,0) and other quasi-states, while
with anharmonicity, as indicated by the red square, (4,0) and
(3; 1) form an avoided crossing, which explains the presence
of the up-state population in this regime. For =0.6, on the
other hand, one can see that in the harmonic case, (4,0) and
(3; 1) present an avoided crossing at the location where they
are about to be degenerated, while for anharmonicity, (4,0)
and (5, 0), which are equivalent to j#; 1i, generate an avoided
crossing, resulting in the absence of an up-state population.
Additionally, as can be observed from the black square in
figure 8(b4), the anharmonicity destroys the avoided crossing
structure of other energy levels, further weakening the trans-
ition in this regime.

4. Conclusion

In summary, we have calculated the transition probability of a
composite quantum system of Rydberg atoms and SC circuits
and investigated the dynamic phase diagram for parameters
of driven strength of microwave , atomic energy level dif-
ference , SC circuit frequency ! and coupling strength L
The SC circuit induces a novel avoided crossing in the blue-
detuning regime that is absent in the standard Landau—Zener
model. By analysis with the Floquet quasi-energy structure, it
is found that the coupling strength Lbetween the atom and SC
circuit dominates the emergency of the avoided crossing. That
is, a moderate Lfavors it and a sufficiently large Ldestroys
it. More importantly, the avoided crossing is not sensitive to
the SC circuit frequency ! ; therefore, neither the two eigen-
states nor the energy difference of the avoided crossing are
significantly changed by the change of ! . The anharmonicity
of the SC circuit is investigated as well, and it is found that
the blue-detuning regime is more likely to be facilitated than
the red-detuning regime. Our results provide a useful contri-
bution of the valid parameter regimes for quantum simulation
of avoided crossings.
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