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In this paper, the dynamic of hydrogen diffusion in the VCr alloy is investigated by the first-principles 
calculations and kinetic Monte Carlo method. First, the structural stability as a function of components is 
explored, where the stable configurations hold high symmetry. For the stable structures, the hydrogen 
diffusivity is found to decrease first and then increase as the Cr content increases. The hydrogen 
diffusivity is calculated to be the slowest in V0.375Cr0.625, a structure with the space group P4/mmm. 
The results show that the main factor affecting the diffusion is not only the magnitude of a single 
barrier, but the overall spatial distribution of barriers, correspondent to the distribution of Cr atoms in 
VCr alloy. Furthermore, an unbalanced one-dimensional random walk model is proposed to well describe 
the phenomenon of anomalous hydrogen diffusion and elucidate the mechanism of hydrogen migration 
in the alloy.

© 2023 Published by Elsevier B.V.
1. Introduction

Hydrogen atoms can easily enter metallic alloy and cause un-
expected catastrophic failures of materials, because they are the 
smallest and most abundant element in the earth. The penetration 
of hydrogen has a deleterious impact on the mechanical perfor-
mance of alloy, which is known as hydrogen embrittlement [1–3]. 
Hydrogen embrittlement involves the accumulation of hydrogen at 
small microstructure flaws, leading to metal embrittlement and 
deterioration, which is a significant factor for the service life of 
metallic alloy [4–6]. Because the direct measurement of hydrogen 
diffusion is difficult to perform in experiment, theoretically deter-
mining the hydrogen diffusion coefficient of a given alloy is critical 
to enhance the hydrogen storage ability. Furthermore, investigating 
the hydrogen adsorption and desorption on the metallic alloy sur-
faces, hydrogen diffusion and trapping of the metallic alloy need 
to be fully explored. The hydrogen adsorption and desorption can 
only infer the static consequence with the absence of dynamic 
information. Therefore, probing the dynamic process of hydrogen 
atoms in metallic alloy can uncover the mechanism of hydrogen 
behavior of metallic alloy.
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Theoretically, the diffusion is thought to be primarily deter-
mined by the prefactor (D0) and the activation energy barrier [7,8]. 
A high barrier can effectively restrict hydrogen migration, reducing 
the diffusivity by trapping hydrogen in a specific area. Jiang and 
Carter et al. found that the hydrogen hopping barrier in the sub-
surfaces of Fe(110) is higher than that in the pure bcc iron bulk, 
lowering the diffusivity coefficient [9]. J. Sanchez et al. calculated 
the barrier by the linear simultaneous transition method, and dis-
covered that an external stress of several GPa resulted in a 10% 
change in the barrier and a 30% increase in the diffusion rate. At 
the same time, the structure has an impact on the diffusion bct 
decreases the hopping barrier from 127 meV to 82 meV, result-
ing in faster diffusion [10]. Solid solution alloys of body centered 
cubic (BCC) structure are the promising future hydrogen storage 
materials. However, hydrogen diffusion is found to be not simply 
restricted by deep traps. Semidey-Flecha et al. reported that the 
presence of Ag in Pd96Ag4 decreased the hopping barrier between 
adjacent sites, but the sites close to the Ag atoms still effectively 
acted as traps for restraining hydrogen, decreasing the net diffu-
sion of hydrogen, resulting in a slower net hydrogen diffusion than 
pure Pd [11]. It is shown that the diffusion does not completely 
depend on the hopping barrier, but also has an important relation-
ship with the distribution of the hopping barrier. The VCr binary 
alloy is the BCC isomorphous [12], in which V and Cr can randomly 
dissolve in another. Because Cr is the neighbor of V, Cr is often 
used to synthesize V based hydrogen storage alloys, for example, 
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VTiCr alloys of a BCC structure [13,14]. The hydrogen diffusion has 
been investigated experimentally only in the VCrH phase through 
electric resistivity [15] and gas absorption methods. However, to 
our knowledge, the effect of Cr content of VCr alloy on hydrogen 
storage has not been extensively explored both in experiment and 
theory.

Previous experimental studies have reported that doping pure 
V with Cr (5% - 10%) will slow down diffusion [16,17] and restrict 
hydrogen diffusion, hence preventing hydrogen embrittlement [18]. 
It is impossible to determine all potential barriers exactly due to 
the diversity of alloy structures as a function of concentration. For 
the FeCr alloy, Samin et al. have estimated the potential barrier 
using the model and the associated potential barrier is smaller 
than that in the pure phase, while the calculated diffusion coeffi-
cient of hydrogen in the alloy is several orders of magnitude lower 
than that in the pure phase [19]. They speculated that hydrogen 
would sink in the region of the FeCr alloy where Cr accumulates. 
Hydrogen would similarly diffuse quickly once escaping the trap, 
but it would simply sink in another domain with Cr accumulation 
again.

Focusing on the VCr alloy, we have systematically investigated 
the evolution of the stable structure of the alloy with the compo-
sition by the first-principles calculations, simulating the diffusion 
process of hydrogen in the alloy with high symmetry distribution. 
The results reveal that the net diffusion rate is determined by the 
spatial distribution of the barrier, rather than its height. The alloy 
contains a series of continuous closed reversible potential wells 
that trap hydrogen atoms in the potential well domain, which will 
significantly slow down the hydrogen diffusion in the alloy. We 
have also proposed an effective model to explain the anomalous 
diffusion.

2. Calculation details

2.1. First-principles calculation

The first-principles calculations have been performed using 
the Vienna Ab-initio Simulation Package (VASP) [20,21], with 
the version of vasp 6.1.2. The generalized gradient approxima-
tion (GGA) [22,23] with the projector augmented wave (PAW) 
pseudopotentials in the Perdew-Burke-Ernzerhof (PBE) correlation 
was used to describe the Coulomb interactions between ion nu-
clei and valence electrons. The 5 × 5 × 5 k-mesh in the irreducible 
Brillouin zone and the cut-off energy as 350 eV were adopted af-
ter a convergence test respectively. The spin polarized calculation 
was considered for all alloy structures, where the relaxation was 
fully conducted until the total forces on each atom were smaller 
than 0.01 eV/Å. Climbing-image nudged elastic band (CI-NEB) cal-
culations [24] containing at least five images along the reaction 
coordinates, were also performed to identify the transition state 
for H migration between sites, and adopted to determine the tran-
sition states (TS). The convergence criterion is set to 0.03 eV/Å.

For the V1−xCrx alloy system, the mutual substitution compo-
nents are in a same lattice structure to ensure a higher solid solu-
bility during practical fusion process. The 2 × 2 × 2 body-centered 
lattice supercell was used to generate a vanadium-based alloy. To 
investigate the formation enthalpy of VCr alloys at different con-
centrations in supercells, we searched out all possible structures 
for comparison. Removing the equivalent structures by the struc-
tural recognition and searching for unequal hydrogen interstitial 
sites in certain structures is employed by the SAGAR software 
[25].

2.2. Kinetic Monte Carlo simulation of hydrogen diffusion

We use the tetrahedral subdivision approach to find the in-
terstitial position for the hydrogen diffusion, identifying the un-
2

equal positions for H atoms and determining the unequal tran-
sition paths. The diffusion barriers of all the possible transition 
paths are obtained by the NEB method. The hydrogen concentra-
tion in diffusion simulation is relatively low and the influence of 
hydrogen atom is very weak, so the hydrogen atoms in VCr struc-
ture have little influence on the calculated to energy landscape. As 
a result, we can observe the potential well domain from the po-
tential energy surface. This work employs the Kinetic Monte Carlo 
(kMC) method to investigate the hydrogen atom diffusion path in 
the alloy and determine the diffusion coefficient. The harmonic 
transition state theory [26] gives the hopping rate Rq of the hop 
process q. Rq = ve−Ebarrier,q/(kB T ) , where v is the prefactor, which 
should be approximately 1013 /s [27,28], Ebarrier,q is the process q
energy barrier, kB is the Boltzmann constant, and T is the abso-
lute temperature. In the simulation, the temperature range is from 
300 K to 1000 K.

The schematic flow chart of kMC method is shown in the sup-
plementary materials. At each kMC step, we count all current pos-
sible processes Rtot and allocate processes based on the rate using 
random numbers, where �t = − ln(α)/Rtot is the simulation time 
of a single step hop (α is a random number within (0, 1)). The 
diffusion coefficient is calculated in our simulation by running at 
least 106 steps and eliminating the first 104 steps (to eliminate 
any transient behavior). The mean-squared displacement of each 
simulation is recorded by using [19,29,30]:

D = lim
t→∞

1

2dtNH

NH∑
i=1

|ri(t) − ri(0)|2 , (1)

where t is the time, d is the simulation dimension (d = 3, un-
less we quantify diffusivity in a given direction), NH is the total 
number of hydrogen atoms in the simulation, and ri(t) is the po-
sition of atom i at time t . As a result, D is a measure of hydrogen 
diffusivity in the simulation of the square of average NH atoms 
displacement.

We consider diffusion as a random transition between local sta-
ble states in order to model the effect of temperature on hydrogen 
diffusion in alloys [19,31,32]. The hydrogen atom transition activa-
tion energy based on the first-principles calculations is combined 
with the kMC method to quantitatively simulate the hydrogen dif-
fusion process.

3. Results and discussion

In order to describe the spatial distribution of potential barri-
ers, we herein develops the idea of potential well domain, which is 
the smallest unit that will trap hydrogen atoms effectively even at 
room temperature. The hydrogen transition barrier is very low in-
side the domain, but the barriers between potential well domains 
will be much higher.

In the following, hydrogen diffusion in VCr alloy structure will 
be discussed in three aspects. Firstly, we determine the stable alloy 
structures with various components and find that the stable con-
figurations are all of higher symmetry. Therefore, we focus on the 
configurations with high symmetry, obtaining the hydrogen tran-
sition barrier to model the hydrogen diffusion process at various 
temperatures. Secondly, we examine two structures that have a 
diffusion difference of an order of magnitude at the same concen-
tration and propose a one-dimensional unbalanced random walk 
model by studying potential energy surface, to explain why the 
shallow potential well can effectively slow down hydrogen diffu-
sion. Finally, we compare the results of low concentration doping 
in the pure phase and demonstrate that Cr and V have different 
behavior, resulting in the slowest diffusion structure not in the al-
loy ratio of 1:1, but in the Cr content of 0.625.
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Fig. 1. (a) The formation enthalpy of VCr alloy varies with Cr concentration. (b) Four 
stable structures with high symmetry, namely, S1-S4 structure, where V and Cr 
atoms are represented by the red and blue spheres, respectively.

3.1. Stable alloy structure and hydrogen diffusion

To study hydrogen diffusion of VCr alloy, we have first deter-
mined stable structures of VCr alloy with various compositions. For 
the given lattice with different shapes and volumes, we can use the 
SAGAR program to generate the possible nonequivalent structures. 
Based on the total energy of the system from the first-principles 
calculations, the stable ground state structures are determined by 
the formation enthalpy, which is defined as:

E f = E (V1−xCrx) − xE(Cr) − (1 − x)E(V), (2)

where x is the ratio of Cr, also, E(Cr) and E(V) are the forma-
tion enthalpy in pure Cr and pure V. A probable stable structure of 
the alloy is the convex point of formation enthalpy curve. The for-
mation enthalpy of most VCr binary alloy structures is negative, as 
illustrated in Fig. 1(a), indicating that vanadium and chromium can 
easily form alloys in any combination. Thus, we focus on hydrogen 
diffusion in VCr alloys of various proportions and investigate the 
variation of hydrogen diffusion coefficient as a function of Cr con-
centration.

As illustrated in Fig. 1(b), stable convex structures are highly 
symmetric, which are selected for the study of hydrogen diffusion 
behavior. Hydrogen is frequently distributed in the alloy’s intersti-
tial position. The center of tetrahedron is the preferred position 
in bcc metals because its radius is roughly twice that of octahe-
dron, facilitating the accommodation of hydrogen atoms at low 
temperatures. Furthermore, it has been reported that the octahe-
dral interstitial position is not a stable or transitory condition, but 
rather a saddle point [33].

We use the tetrahedral subdivision approach to find the inter-
stitial position for the hydrogen diffusion [25]. Because S1, S2, and 
S3 are highly symmetrical, there are few unequal positions, namely 
1, 8, and 4 unequal hydrogen sites, respectively. Hydrogen diffusion 
transitions only occur in the nearest neighbor, and there are 4, 25, 
and 15 unequal transitions, respectively. With the associated tran-
sition barriers from the first-principles calculations, we have used 
the kMC approach to simulate hydrogen diffusion in the alloy, as 
shown in Fig. 2(a). In addition, the typical transition state paths 
and barriers in S2 and S3 structures are shown in the supplemen-
tary materials.

At the same temperature, hydrogen diffusion in different alloy 
components is calculated to be slower than in pure phase, espe-
cially, the V0.375Cr0.625, has the slowest diffusion coefficient. To 
investigate the anisotropic effect of atomic distribution, we com-
pare the structures with the same concentration of Cr and V, as 
shown in Fig. 2(b), (c). Besides S1, we have chosen another V8Cr8
structure S4 with strong symmetry, whose formation enthalpy is 
0.024 eV larger than the ground state structure S1. Similar to S1, 
there is just one unequivalent position of hydrogen in S4, and 
3

the lowest barrier value in S4 is 0.03 eV higher than that in S1. 
Note that the diffusion coefficient in S4 is nearly an order of mag-
nitude higher than S1. This demonstrates that the hydrogen dif-
fusion is dominated by the spatial distribution of the hydrogen 
diffusion barrier in the alloy, rather than the height of the bar-
rier.

3.2. Diffusion mechanism of hydrogen in VCr alloy

As shown in Fig. 2(a), for S1 and S4 with the same concentra-
tion, hydrogen diffusion in VCr alloy can vary by nearly one order 
of magnitude. It can be shown that the unequivalent distribution 
of Cr atoms can have a substantial impact on hydrogen diffusion 
rate at the same component concentration. The structures of the 
two V8Cr8 alloys are very symmetric and stable, as illustrated in 
Fig. 1 (b) S1 and S4, and the unequal numbers of metal atoms and 
hydrogen atoms are also the same. Note that the distribution of 
potential well domain is different in S1 and S4 based on the po-
tential energy surface study.

As shown in Fig. 3(a), structure S1’s potential well domain is 
a plane regular quadrilateral. The initial potential energy surface 
shows that the minimal transition barrier in the potential well do-
main is 0.08 eV, which corresponds to the T-T transition path with 
the highest probability. The minimal transition barrier across po-
tential well domain is 0.26 eV, as shown by the second potential 
energy surface, which is another T-T transition path at the hydro-
gen site. The structure S1 is the most symmetrical and there are 
only two nonequivalent diffusion paths in the potential energy sur-
faces as illustrated in Fig. 3(a). In contrast, hydrogen tends to travel 
back and forth in the 0.08 eV potential well domain, resulting in 
the decrease of hydrogen diffusion coefficient.

For comparison, the structure S4 whose potential well domain 
is a plane regular hexagon is shown in Fig. 3(c), where the four 
potential well domains are in the alternate arrangement. The tran-
sition path between two potential well domain is the smallest 
unit, displaying on each potential energy surface. The lowest tran-
sition barrier in the potential well domain is 0.11 eV, while the 
minimum transition barrier between neighboring potential well 
domain is 0.21 eV, both of which are T-T transition pathways, 
as shown by the potential energy surface. Therefore, the transi-
tion between the neighboring potential well domains is remarkably 
difficult compared with that between the inner of potential well 
domain.

Compared with S4, the barrier difference between the internal 
potential well domain and neighboring potential well domains is 
found to be higher in S1 structure, making the hydrogen atoms 
easier to become stuck in the potential well domain in S1 struc-
ture. Thus, the hydrogen transport in S1 is slower than that in S4. 
As shown in Fig. 3(b), (d), the numerical simulations demonstrate 
the details of hydrogen diffusion in S1 and S4. Assume that hydro-
gen atoms begin to transit from one potential well domain to the 
neighboring, where the probability represents the hydrogen atom 
still stays in the initial potential well domain after the number of 
steps on the horizontal axis of the transition. The expectation trial 
step that one hydrogen atom need to transit to the nearest po-
tential well domain is 104 in S1 structure at 300 K as illustrated 
in Fig. 3(b). Note that about half of hydrogen atoms are still re-
stricted to the initial potential well domain when the transition is 
103 steps. In contrast, the structure’s S4 potential well domain is 
less restrictive to hydrogen. At the same temperature, all hydrogen 
atoms in S4 structure have completed a 103 step transit to another 
potential well domain, as illustrated in Fig. 3(d). The restrictive 
ability of the potential well domain reduces as temperature rises, 
resulting in the quicker diffusion. As corresponding to Fig. 2(a), the 
diffusion coefficient of S1 is calculated to be much lower than that 
of S4, due to the larger barrier between the neighboring potential 
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Fig. 2. (a) The diffusion curves of various alloy structures which is employed by KMC method at various temperatures. (b), (c) Comparison of all nonequivalent potential wells 
in V8Cr8 structures S1 and S4, where T and O denote tetrahedral and octahedral interstitial sites, respectively.

Fig. 3. (a), (c) Potential well domain and potential energy surface of structures S1 and S4, where the grayish spheres represent the all possible occupied sites in the process 
of hydrogen atom hopping, and where the yellow and green bonds represent the hopping across and in the potential well domain, respectively. (b), (d) Numerical simulation 
is used to examine the probable well domain transition of structures S1 and S4.
well domains. Previous studies indicated that the diffusion coeffi-
cient was primarily determined by the diffusion prefactor (D0) and 
the transition activation energy, in which a high potential barrier 
will be required to limit hydrogen atom diffusion. It is found that 
the VCr alloy structure with shallow potential well domain, can 
make hydrogen migration outwards difficult and also lead to slow 
hydrogen diffusion.

Due to the complex atomic distribution in alloys, hydrogen dif-
fusion usually involves transitions with different height barriers. To 
uncover the mechanism of the slow hydrogen diffusion, we pro-
pose a one-dimensional random walk model for simplicity, which 
is shown in the supplementary materials. We take a cell containing 
four atoms as an example, thus the transition probability matrix is 
a 4 × 4 matrix as follows. If all the transition probability is the 
same as:

P Balanced =

⎡
⎢⎢⎣

0 0.5 0 0.5
0.5 0 0.5 0
0 0.5 0 0.5

0.5 0 0.5 0

⎤
⎥⎥⎦ , (3)
4

this is a balanced model, otherwise, the transition probability is 
not all the same as:

P Unbalanced =

⎡
⎢⎢⎣

0 0.5 0 0.5
0.5 0 0.5 0
0 0.2 0 0.8

0.2 0 0.8 0

⎤
⎥⎥⎦ , (4)

this is a unbalanced model.
To amplify the variation in probability distribution at different 

places, the vertical axis is −1/ log10(P ), which is positively corre-
lated with the probability distribution. When the probabilities of 
random walking on the left and right are balanced, the probabil-
ity distribution is a normal distribution with only one maximum 
at the initial location. When the left and right probabilities are 
unbalanced, the maximum and minimum probabilities alternately 
appear near the initial point as shown in Fig. 4(a). More impor-
tantly, for the positions far from the initial point, the probability 
distribution is smaller than the normal distribution, therefore, the 
corresponding net diffusion is slower. This is due to the increased 
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Fig. 4. (a) A one-dimensional unbalanced random walk model of pure phase and 
alloy hydrogen diffusion. (b) Pure phase and alloy hopping path and corresponding 
barriers

likelihood of hydrogen atom being stuck in NO. 3 or 4 due to the 
periodic boundary condition.

This phenomenon is similar to pure phase and alloy hydro-
gen diffusion. As illustrated in Fig. 4 (b), each hydrogen atom 
in the pure phase has four equivalent T-T transition pathways 
and two equivalent T-O-T transition paths. Because the transition 
barrier distribution is rather uniform and there is no potential 
well domain, the pure phase diffuses fast. In comparison to the 
pure phase, the potential barrier value of the S1 alloy structure 
is smaller, but a sequence of closed shallow potential well do-
main have formed. As a result, hydrogen atoms are trapped in 
the local potential well domain and they are difficult to diffuse 
outward, which can also slow down the overall hydrogen diffu-
sion.

3.3. Impact of low concentration doping to the H diffusion

To further analyze the possible well domain for the hydrogen 
diffusion in vanadium chromium alloys, we consider the structures 
of pure phase doped with a small amount of elements. Taking 
V15Cr as an example, it reveals the formation of a potential well 
domain that can confine hydrogen atoms near a single Cr, as il-
lustrated in Fig. 5 (a). Among them, the potential well domain’s 
boundary potential barrier value is high, while the potential well 
domain’s internal potential barrier value is low. The potential well 
domain’s exterior potential barrier value gradually returns to the 
normal value. For the VCr15 structure, there is no potential well 
domain that can confine the hydrogen atom around a single V in 
the structure’s center. However, V doping raises the possible bar-
rier around V, as illustrated in Fig. 5 (b).
5

In both V15Cr and VCr15, the hydrogen diffusion will be slowed 
down similarly. However, the mechanisms of the two pure phase 
doped elements are completely different, especially for the poten-
tial barrier distribution. Therefore, the hydrogen diffusion behavior 
will become different as the doping concentration increases, and 
the slowest hydrogen diffusion is not found in the structure of 
V0.5Cr0.5.

4. Conclusion

Combining the first-principles calculations and kinetic Monte 
Carlo simulation, we have theoretically investigated the thermo-
dynamic stability of VCr alloy and hydrogen atom diffusion. We 
identified the stable structures of various concentrations by the 
formation enthalpy convexhull, where the stable structures al-
most hold the high symmetry. Hydrogen diffusion in VCr alloy 
will be substantially slower than in pure phase, which is consis-
tent with previous studies. However, it is contrary to the previous 
assumption that the high potential barrier will decrease diffusion. 
It is worth noting that the alloy contains a series of continuous 
closed reversible low potential well domains, which allow hydro-
gen atoms to be trapped in the potential well domain and slow 
down the net diffusion of hydrogen in the alloy. A one-dimensional 
unbalanced random walk model is proposed to uncover the phys-
ical origin of the slow hydrogen diffusion in the alloy, in which 
the unequal diffusion probability will efficiently decrease the dif-
fusion coefficient. This demonstrates that the spatial distribution 
of the barrier, rather than its height, plays the most important 
role in the net diffusion. Our findings will be of great signifi-
cance for understanding the migration of hydrogen atoms in VCr 
alloys.
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Fig. 5. (a), (b) Display of the crystal structure and potential energy surface of V15Cr and VCr15. V and Cr atoms are represented by the red and blue spheres, respectively. 
Also, the possible sites for hydrogen hopping are represented by the black spots in the energy landscape profile.
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