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ABSTRACT: The accurate theoretical interpretation of ultrafast time-resolved spectros-
copy experiments relies on full quantum dynamics simulations for the investigated system,
which is nevertheless computationally prohibitive for realistic molecular systems with
a large number of electronic and/or vibrational degrees of freedom. In this work, we
propose a unitary transformation approach for realistic vibronic Hamiltonians, which can
be coped with using the adaptive time-dependent density matrix renormalization group
(t-DMRG) method to efficiently evolve the nonadiabatic dynamics of a large molecular
system. We demonstrate the accuracy and efficiency of this approach with an example of
simulating the exciton dissociation process within an oligothiophene/fullerene hetero-
junction, indicating that t-DMRG can be a promising method for full quantum dynamics
simulation in large chemical systems. Moreover, it is also shown that the proper vibronic
features in the ultrafast electronic process can be obtained by simulating the two-dimensional (2D) electronic spectrum by virtue
of the high computational efficiency of the t-DMRG method.

Thanks to the recent advancements of time-resolved spec-
troscopy technology, nowadays a lot of ultrafast excited-

state processes within the time scale of 10s to 100s of femto-
seconds, and nonadiabatic phenomena caused by the crossing of
potential energy surfaces have been observed in a large num-
ber of systems ranging from biological ones1,2 to gaseous and
condensed-phase materials.3,4 Theoretical understanding of
these ultrafast nonadiabatic processes can be achieved via a
solution of the quantum dynamics of the molecular systems;
however, such a kind of solution for the dynamics involving the
electron−nuclear couplings is nontrivial and requires breaking
the Born−Oppenheimer approximation, which is one of the
basic assumptions in quantum chemistry. To overcome this great
difficulty, in the recent years, many dynamics methodologies
have been proposed, including full quantum methods (multi-
configuration time-dependent Hartree (MCTDH) appraoch5

and its multilayer version (ML-MCTDH),6 quasi-adiabatic path
integral (QUAPI),7 full multiple spawning (FMS),8 etc.), semi-
classical methods (Ehrenfest mean-field approach,9 surface
hopping method,9,10 etc.), and quantum dissipation approaches
(Redfield theory,11 hierarchical equations of motion (HEOM)
method,12 various stochastic differential equation methods13,14).

Nevertheless, the full quantum dynamics simulation for systems
with a large number of quantum degrees of freedom is currently
still a great challenge due to the expensive increase of computa-
tional costs with increasing system size.
The density matrix renormalization group (DMRG) method

proposed by White in 199215 is a promising tool for dealing
with strongly coupled electronic−vibrational systems, which has
been shown to be an extremely accurate numerical technique in
solving one-dimensional (1D) strongly correlated systems.16−19

Only a fixed number (M) of renormalized states during enlarge-
ment of the system is kept in DMRG by using the eigenvalues
of the subsystem’s reduced density matrix as the decimation
criterion of the Hilbert space. Therefore, DMRG has been
successfully applied to the solution of 1D Hamiltonians with
large size. The application of DMRG was later extended to
simulate the dynamics of 1D electronic and bosonic systems with
high computational accuracy and efficiency by using an adaptive
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time-dependent DMRG (t-DMRG) approach20−22 based on
Vidal’s time-evolving block-decimation (TEBD) algorithm,23,24

for example, in the context of spin-charge separation in cold
Fermi gases,25 dynamical quasicondensation of hard-core Bosons
at finite momenta,26 and far-from-equilibrium properties of inter-
acting nanostructures.27 Unfortunately, the adaptive t-DMRG
cannot be applied straightforward to general vibronic Hamiltonians
that do not have a 1D representation because the prerequisite for
using the adaptive t-DMRG is that the Hamiltonian operator Ĥ
of the total system can be decomposed into local terms ĥn that
live only on neighboring sites n and n + 1.
t-DMRG can be also reformulated using the language of the

matrix product state (MPS)28−30 and matrix product operator
(MPO).31,32 Haegeman et al. 33,34 and Zaletel et al. 35 recently
suggested that the MPS representation of the t-DMRG wave
function can be adapted for arbitrary Hamiltonians, on the basis
of the time-dependent variational principle (TDVP) 36,37 or
some kind of approximation in terms of MPO. Another efficient
way to simulate the nonadiabatic dynamics with the adaptive
t-DMRG for general vibronic Hamiltonians is to transform vib-
ronic Hamiltonian Ĥ into an effective 1D representation. Such a
kind of transformation has been partly achieved via mapping
between system−reservoir quantum models and semi-infinite
discrete chains using orthogonal polynomials38 for spin-boson
models39,40 and othermodel Hamiltonians41 that use a continuous
phonon spectrum and the uniform vibronic coupling parameters
for different electronic states.
The application of t-DMRG to photophysical dynamics simu-

lations of realistic molecules comprising a discretized phonon
spectrum is naturally motivated but not reported yet. On one
hand, the light-harvesting systems in biological or condensed-
phase material systems always have many excitonic states, mak-
ing the excitons and phonons complexly entangled with each
other.42,43 On the other hand, both the diagonal and off-diagonal
vibronic couplings are present in many organic molecules, mak-
ing the dynamics sensitive to the parameters.44,45 These facts make
the vibronic Hamiltonian in these systems not a DMRG-friendly
1D representation with only nearest-neighbor interactions, and
accordingly, the direct implementation of the adaptive t-DMRG to
realistic molecular systems becomes infeasible.
In order to overcome the above difficulty, in this work, we

propose a unitary transformation approach for realistic vibronic
Hamiltonians, which can be efficiently coped with using the
adaptive t-DMRG method to evolve the nonadiabatic dynamics
of a large molecular system. As a starting point to examine
whether t-DMRG could be successfully applied to the realistic
molecules, one has to utilize a well-established but nontrivial
model system as the instance. In this context, we present our
t-DMRG algorithm to study the ultrafast exciton dissociation
dynamics at the organic donor/acceptor (oligothiophene/full-
erene) heterojunction, which is a crucial step in the optoelectronic
conversion processes in organic solar cells and has been recently
simulated by various other quantum dynamics methods
including MCTDH and HEOM.46−49

The adaptive t-DMRG method20−22 is an efficient numerical
method to solve the time-dependent Schrödinger equation
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Dynamics simulation in the adaptive t-DMRG is based on the
Trotter−Suzuki decomposition of the time-evolution operator
Û(Δt) of eq 1. If the Hamiltonian of the 1D system is a
summation of local terms hn̂ that live only on neighboring sites n
and n + 1, i.e.

∑̂ = ̂H h
n
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(2)

Û(Δt) can be approximated by an nth-order Trotter−Suzuki
decomposition,50,51 e.g., to second order
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Ûn(Δt) is the infinitesimal time-evolution operator exp(−iĥn(t)-
Δt/ℏ), which only applies to nearest-neighbor sites n and n + 1 in
the 1D chain. It should be mentioned that “even” and “odd”
operators commute among themselves and accordingly the
ordering within the even or odd products does not matter. Then
one can apply these operators Ûn(Δt) successively to some state
|ψ⟩ into finite-system DMRG sweeps.15,16 Each operator Ûn(Δt)
is applied at a finite-system DMRG step with sites n and n + 1
being the active sites, i.e., where sites n and n + 1 are represented
without truncation. For example, in an L-site 1D chain, at a finite-
systemDMRG step with n and n + 1 being the active sites, we can
use eq 4 to describe a DMRG state in the form of MPS
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where {|σi⟩} denotes the state space of dimension N for site i,
matrices Ai with the dimensionM ×M are for site i, and the first
and last A matrices are taken to be row and column vectors.
Then, it is easy to describe the new state after the operation of
Ûn(Δt)
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without any additional error because Ûn(Δt) acts only on the part
of Hilbert space (|σn⟩|σn+1⟩) with the dimension N2, which is
exactly represented. Similar to conventional DMRG, in order to
prevent exponential growth of the matrix dimension for con-
tinuing the finite-system sweep, DMRG truncations fromN ×M
to M must be carried out. However, differently, the adaptive
t-DMRG uses Ûn(Δt)|Ψ⟩ as the target state instead of |Ψ⟩ to build
the reduced density matrix. After all of the local time-evolution
operators at different sites have been applied successively to Ψ(t)
within a few sweeps, one can get the wave function Ψ(t + Δt) for
the new time t +Δt and continue to longer times. More technical
details about t-DMRG can be found in refs 20−22.
From the above introduction to the adaptive t-DMRG, one

can notice that the Hamiltonian of the total system Ĥ can be
described by a sum of local terms h ̂n acting only on neighboring
sites n and n + 1 (Ĥ =∑n hn̂) and is a mandatory prerequisite for
performing the adaptive t-DMRG simulations. However, the
general vibronic Hamiltonian in realistic molecules does not ful-
fill this requirement. In a Frenkel exciton (XT)−charge transfer
(CT) mixing model in organic heterojunctions, e.g., we have to
consider a system of two diabatic electronic states coupled with
f vibrational modes (ℏ = 1)
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where ̂ ̂ν ν
†a a( ) is the creation (annihilation) operator of the

phonon of the νth vibrational mode, ων being the associated
vibrational frequency, and 2Δ and V are the energy separation
between the two diabatic excitonic states at the origin of the
nuclear coordinate space and electronic interaction between
these two states, respectively. The sets xν and yν represent the
linear vibronic coupling strength parameters of relevant excitonic
state. Here, for simplicity, we do not consider the off-diagonal
vibronic coupling. Obviously, this realistic Hamiltonian in eq 6
does not meet the requirement of eq 2 (see Figure 1a). Normally
for a spin-boson model, it is quite straightforward to transform
the independent bare phonons into some semi-infinite chain
by unitary transformation.39 In the realistic case, however, the
coupling strengths for different excitonic states and phonon
modes are different, making the common transformation invalid,
although the vibronic coupling model including both diagonal
and off-diagonal couplings has been shown to be able to be
transformed to an equivalent band-diagonal chain (but not a
t-DMRG-friendly tridiagonal form).52,53 To this end, we transform
Ĥ2 as the following form

54
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where we have made ̂ ≡ν
ν

ν
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y
0

0 equal to (cνĈ + rνI)̂Q̂ν,

which is similar to a mass-center transformation for the excitons,
with I ̂being the identity matrix, Ĉ being Hermitian, and cν and rν
being combination coefficients. Herein, if we appropriately set
the operator Ĉ and the combination coefficients, it is quite

possible to obtain a series of operators Q̂ν that satisfy
̂ ̂
ν ν
†Q Q =

̂ ̂
ν ν

†Q Q = I.̂ For example, in our two-level excitonic systemwithout

off-diagonal couplings, Ĉ is naturally chosen to be( )1 0
0 0 and cν =

xν − yν, rν = yν; therefore, the operator Q̂ν equals to the identity
matrix.
Taking the commutation relation of Q̂ν into consideration,

we can rationally define another bosonic operator ̃ν̂a ≡ ̂ ̂ν νQ a .
The Hamiltonian (eq 7) could be rewritten as
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where S ̂≡∑ν=1
f (rν

2/ων) + Ĉ∑ν=1
f (cνrν

2/ων
2) merely acts on the

excitonic states and could be absorbed into Ĥ1. Let us write Ĥ2 in
a more compact form by defining bν̂≡ ̃ν̂a + (rν/ων), and the final
form reads
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We finally obtain a compact form that could be unitarily trans-
formed into a semi-infinite bosonic chain with the Hamiltonian
being
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+
† †H b b t b b C b b[ ( h.c.)] ( )
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Following the standard procedure in the numerical renormaliza-

tion group,55 we define a unitary matrix Ui,ν to transform bν̂ to ̃ ̂bi.
The parameters are subsequently obtained by the following
formula
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In the following, we take a benchmark model system, the
oligothiophene (OT)−fullerene (C60) interface, as an instance to
investigate the applicability of t-DMRG on the realistic molecular
system. The thiophene is one of the most used donor molecules
due to its optimal opto- and electroproperties. The fullerene
dominated the battles of acceptor molecules for many years until
recently the nonfullerene acceptors56 came into play. In our sim-
ulation, the energy and coupling parameters for XT and CT dia-
batic states are taken from Table 1 of ref 48, and the vibrational

Figure 1. (a) The standard Hamiltonian has electronic states (XT and
CT) interacting with their surrounding bosonic phonon bath of two
molecules in a starlike configuration. (b) After a unitary transformation
of the bosonic modes only for each molecule, a 1D chain Hamiltonian
with only nearest-neighbor couplings can be generated from two
semichains.
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frequencies and electron−phonon coupling strengths are extracted
from Figure 2b of ref 47.
Figure 2a shows the time evolution of population for four sets

of parameters of local phonon number P and the number of
preserved states M in DMRG truncation. The curves of P = 6,
M = 64 for R = 0.3 nm could be straightforwardly compared with
Figure 5 of ref 48 and Figure 4 of ref 47, which were obtained by
the MCTDH method. One can find that, up to 250 fs, the
population evolution exhibits perfect agreement with that from
MCTDH, which could be recognized as accurate because the
absorption spectrum computed via the dynamics results has
been explicitly compared with the experimental measurement.
The comparison between t-DMRG andMCTDH figures out the
consistency that the two methods make up for the realistic
thiophene/fullerene interface. For t-DMRG, the consuming
resource of computation is rather reasonable. Our test program is
not parallelized and did not even run on the workstation, but for
one curve, it takes fewer than 10 computing hours on a normal
laptop.
We study the convergence of our results by changing both P

and M. It is found that by changing P from 3 to 6 the curves
change in a visible manner. To be specific, the curves of P = 3 and
6 diverge at 20 fs, which means that P = 3 fails to capture the
correct dynamics. Regardless of the detailed difference, the curve
of P = 4 approximately matches that of P = 6 until 100 fs. We have
also compared P = 6 and 8 (not shown), and the results are much
closer than that in the above cases. As a result, for the parameters
in the present system, P = 6 is an optimal value for the local
phonons. More importantly, one can see from the inset of
Figure 2a that the truncation number M does not completely
matter in the present calculations. This is essential because in a
practical computation one can reduceM to as small as possible to
minimize the computing time without losing accuracy.
As we are studying a donor/acceptor heterojunction structure,

the phonon modes are obviously separated in each layer. One
would consider that in other realistic systems phonons in the
two layers must be dealt with separately (e.g., in the case of
energy transfer from the donor to acceptor). In other numerical
methods, the phonons are always treated in a mixed manner, but
t-DMRG has the advantage that the excitonic site could be
connected with two independent semi-infinite bosonic lattices,

allowing us to separate the phonons in the donor and acceptor
into two lattices (shown in Figure 1). Figure 2b shows the results,
merely considering the phonons in the donor or acceptor. As the
number of phonon modes decreases, the population evolution
shows stronger oscillation than that considering phonons in both
layers simultaneously.
Quantum coherence of excitons at the P3HT/PCBM interface

has been extensively investigated by ultrafast optics. Intuitively,
the shorter the distance between donor and acceptor molecules,
the larger the coupling between the local exciton and CT state,
and thus the stronger the coherence. Figure 3 shows the evolu-
tion of population and coherence for R = 0.25, 0.3, and 0.35 nm.
The population of R = 0.3 nm decreases quickly before 35 fs and
then oscillates around a mean value of about 0.2, indicating that
the charge transfer process is efficient and the steady value is
achieved on an ultrafast time scale. It is obvious that for the short
distance the oscillation of both the population and coherence
is much stronger than those of longer distance. Interestingly,
however, one can find the real components of coherence of R =
0.3 and 0.35 nm have a finite value while the coherence of R =
0.25 nm oscillates around zero. This is because the electronic
interactions between XT and CT states are too strong such that
the vibronic coupling can not be responsible. It could make sense
from our model Hamiltonian that the XT−CT coherence could
have a nonvanishing average value as long as the phonon modes
have finite displacement. When the vibronic coupling is neg-
ligible compared with the electronic interaction, this mechanism
does not work so that the average coherence vanishes for R =
0.25 nm. As a result, the average value of the exciton population
for R = 0.25 nm is surprisingly larger than that for R = 0.3 nm in
the time extent of our computations. This implies that the short
distance does not benefit the charge transfer and thus the charge
separation in this system.
To our knowledge, so far, there is no simulations of the two-

dimensional (2D) coherent electronic spectroscopy using the
t-DMRG algorithm. As shown above, t-DMRG produces pro-
mising dynamical results for the OT4/C60 interface, so that it is
intuitive to use t-DMRG to study the 2D spectrum, which is
nothing but the third-order nonlinear response function Ri, i =
1 → 4, written as57−59
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where the dipole operator μeg means the transitions from the
ground state g to the excited-state manifold e, and μge = μeg* = 1
for bright states and 0 for dark states. In eq 12, we have used a
tetradic Green’s function, including the ground-state and the
excited-state manifold, to represent both coherence and popula-
tion relaxation, that is

∑ρ ρ=t tG( ) ( ) (0)i i
i i

i i i i i i,4 3

2 1

4 3 2 1 2 1
(13)

where ik = g, e. In order to calculate all of the Green’s functions, it
is necessary to calculate the dynamics of the system with the
initial states being |g⟩⟨g|, |e⟩⟨e|, |g⟩⟨e|, |e⟩⟨g|. The former two
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could be easily computed by t-DMRG with the normal pro-
cedure. For the latter two states, we can alternatively calcu-
late the dynamics with initial states being (|g⟩ ± |e⟩)/√2 and
make a simple linear combination to obtain all of the dynamical
results that we want. With these results in hand, it is thus
applicable to calculate the 2D spectrum in a credible manner.
The rephasing (R) and nonrephasing (NR) 2D photon-echo
spectra are subsequently evaluated by 2D Fourier transforms
as57−59

∫ ∫ω ω τ τ

τ

=

+

τ

ω ω τ

∞ ∞

− + τ

S T t R T t

R T t

( , , ) Re d d i( ( , , )

( , , ))e

t

t

R
0 0

2

3
i it (14)

∫ ∫ω ω τ τ

τ

=

+

τ

ω ω τ

∞ ∞

+ τ

S T t R T t

R T t

( , , ) Re d d i( ( , , )

( , , ))e

t

t

NR
0 0

1

4
i it (15)

The total 2D spectrum is then defined by the sum of the
two

ω ω ω ω ω ω= +τ τ τS T S T S T( , , ) ( , , ) ( , , )t t tR NR (16)

Figure 4a displays the real part of the 2D spectrum at the
waiting timeT = 0. Amain positive diagonal peak that arises from
the zero phonon transition occurs at around (ωt =−0.08 eV,ωτ =
−0.08 eV), which emerges from the absorption and the emission
between the ground state and the bright excited state. The red
shift is present due to the coupling between the system and the
vibrational modes. The perfectly symmetric off-diagonal peaks
show the feature of the two-level system, and some pronounced
vibrational structures are obviously observed. In order to see
these vibrational structures more clearly, the linear absorption
spectrum is obtained by extracting the diagonal values of the 2D
spectrum, as shown in Figure 4b. A main peak stemming from
the 0−0 transition can be found, which exhibits a Gaussian line
shape rather than a Lorentzian line shape. The Gaussian line
shape without spectrum diffusion arises from the coherent
dynamics, implying that the t-DMRG dynamics holds the vibro-
nic coherence very well. Moreover, there are two visible vibra-
tional side peaks located at around 0.092 and 0.31 eV. The first
side peak at 0.092 eV stemming from the 0 to 1 transition cor-
responds to the main vibrational modes that concentrate at
around 0.2 eV (1585 cm−1).47 The second side peak at 0.31 eV is
from multiphonon absorption. Consequently, our 2D spectrum
calculation has achieved the major vibronic features of the OT4/
C60 interface, implying that the t-DMRG algorithm is available to

compute the multidimensional coherent spectra for the realistic
systems.
In summary, we have adopted a unitary transformation for the

t-DMRG to deal with a realistic system, namely, the oligo-
thiophene/fullerene interface. Our dynamical results exhibit
promising accuracy and efficiency compared with that from the
MCTDH method. It is found that as the interfacial distance
becomes shorter the quantum coherence tends to be stronger,
but conversely, the charge transfer tends to be weaker. The 2D
coherent electronic spectrum is for the first time simulated
by the t-DMRG method, and the vibronic feature of the exci-
ton dissociation is captured in a credible manner. For future
extension, it is suggested to combine the t-DMRG method with

Figure 3. Evolution of population of the XT state and coherence
between XT and CT states for R equal to (a) 0.3, (b) 0.25, and
(c) 0.35 nm.

Figure 2. (a) Population evolution for four sets of numbers of local phonon mode P and truncation number of states in reduced density matrix M.
(b) Population evolution for three cases: Simultaneously taking phonons in both OT4 and C60 into account and only considering phonons in OT4 and
C60 individually. For all curves, R is set to 0.3 nm.
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the thermo-field-dynamics approach60 to get the finite-temper-
ature effect so that the calculated dynamics and the optical
spectra are closer to the realistic situation.
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