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ABSTRACT: Due to the electron de�ciency, boron clusters evolve strikingly
with the increasing size as con�rmed by experimentalists and theorists.
However, it is still a challenge to propose a model potential to describe the
stabilities of boron. On the basis of the 2c-2e and 3c-2e bond models, we have
found the constraints for stable boron clusters, which can be used for
determining the vacancy concentration and screening the candidates. Among
numerous tubular structures and quasi-planar structures, we have veri�ed that
the stable clusters with lower formation energies bounded by the constraints,
indicating the competition of tubular and planar structures. Notably, we have
found a tubular cluster of B76 which is more stable than the B80 cage. We show
that the vacancies, as well as the edge, are necessary for the 2c-2e bonds, which
will stabilize the boron nanostructures. Therefore, the quasi-planar and tubular
boron nanostructures could be as stable as the cages, which have no edge
atoms. Our �nding has shed light on understanding the complicated electron distributions of boron clusters and enhancing the
e�ciency of searching stable B nanostructures.

1. INTRODUCTION
Boron structures have been attractive due to the large variety
with the increasing sizes, attributed to the electron
de�ciency.1�4 The isolated B12 cluster is a planar triangular
fragment, while 12 B atoms form a highly symmetric icosahedra
in the �-rhombohedral bulk.5 Con�rmed by the experiment
observation and ab initio calculations, there are several typical
structures which can coexist as low-lying isomers: (1) quasi-
planar, B21

�, B23
�, B24

�, B25
�, B27

�, B30
�, B35

�, and B36;
6�13 (2)

tubular, B18
+, B20, B22

+, B24
+, and B27;

14�16 (3) cage-like, B28,
B29, B38, B39

�, and B40.
17�22 Planar B nanostructures with a

convex pro�le are stable in vacuum, whereas they would be not
stable when deposited on metal surfaces, which would evolve
with the size23,24 and form boron sheets with various patterns
of vacancies,25,26 veri�ed by recent experiments.27,28

As is known, the variety of carbon hollow cages and planar
graphene nano�akes is attributed to the stable sp2 hybrid-
izations of carbon, since these nanostructures have the same
motifs with the graphene sheet.29 Similarly, the B80

30 cluster can
be considered as the corresponding cage of the � sheet,31,32

while the B56 and B84 clusters are the fragments of the �
sheet.33 However, the detailed con�gurations are found to be
strongly dependent on the number of boron atoms, according
to the larger quasi-planar structures of Bn found in our previous
study.34 As the number of boron atoms increases, the tubular
structures with hexagonal vacancies might become stable,
though there are still a few problems to be answered, such as
the thickness of tubular structures, as well as the concentration
and distribution of the vacancies in the tubes. In addition, it is
lacking a rule to help us screen the stable boron nanostructures
from the enormous possible candidates.

In this paper, we have combined high-throughput35 screening
with the �rst-principles calculation to search possible tubular
and quasi-planar boron nanostructures. According to our bond
model,34 we determine the proper interval of vacancy
concentration for a given candidate. The vacancies are generally
distributed with high symmetry to stabilize the system, while
there are some exceptional examples. It is found that there will
be a solution for any stable structure following the bond model
with the 8-electron rule, which can be used to screen the
candidates e�ciently. From over 5000 candidates, we have
found the e�ective geometrical constraints to determine the
vacancy concentration and screen the candidates, since both the
distribution and the concentration of the vacancies are crucial
to the stability of the Bn clusters. We also found a few highly
stable Bn clusters (B70, B76), where the B76 is energetically more
stable than the predicted B80 fullerene.30 The e�ective model
we proposed recently34 can successfully help us understand the
stability of the Bn cluster, based on only two-center two-
electron (2c-2e) and three-center two-electron (3c-2e) bonds
distribution.

2. COMPUTATIONAL METHODS
The �rst-principles calculations of Bn candidates were based on
the density functional theory (DFT) implemented in the
Vienna Ab initio Simulation Package (VASP)36,37 method. The
projector augmented wave (PAW) method and the Perdew�
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Burke�Ernzerhof (PBE) of the generalized gradient approx-
imation (GGA) functional38,39 were employed for the total
energies calculations. The energy cuto� was 480 eV, and the
criteria of the forces on each atom were set to be 0.02 eV/Å. To
avoid the cell-to-cell interactions, the vacuum distance was
carefully tested. We also used the DMol340,41method combined
with the exchange-correlation functional of GGA (PBE) for
comparison. In addition, we have performed the calculation
with the hybrid functional of Heyd�Scuseria�Ernzerhof
(HSE06),42,43 to con�rm the energy gaps between the highest
occupied molecular orbital (HOMO) and lowest unoccupied
molecular orbital (LUMO) in higher accuracy.

Combined with a congruence check, we obtained all the
possible isomers for any given number of atoms, including the
candidates of planar and tubular ones. The tubular candidates
are constructed by rolling the triangular lattice with various
distributions of vacancies, where the details for the congruence
check are shown in the Supporting Information (SI). To
explain the structural stabilities and charge distribution, we have
proposed an e�ective model34 based on two main assumptions:
(i) s 2c-2e bonds and t 3c-2e bonds are introduced for Bn
clusters to satisfy the 8-electron rule for every B atom (i.e., 2s +
2t = 3n and 4s + 6t = 8n); (ii) the distribution of 2c-2e and 3c-
2e bonds should be in agreement with the charge di�erence and
the con�guration’s symmetry. In our model, the occupations of
2c-2e and 3c-2e bonds are from 0 to 1, where the variance of
distribution is minimized to describe the delocalized bonding,
while the 8-electron rule indicates the localized characteristic.

3. RESULTS AND DISCUSSION
First, we show why the vacancy is necessary and give the proper
interval of vacancy concentration. Second, we have considered
the symmetry e�ect and con�rmed the 8-electron model
constraint for possible stable clusters, determining the stable
planar and tubular structure for the size of 50�85 atoms.
Finally, we present the distributions of 2c-2e and 3c-2e bonds
for the corresponding magic number Bn clusters.

3.1. The Proper Interval of Vacancy Concentration. In
our recent work, we have proposed a simple model to analyze
the distributions of 2c-2e and 3c-2e bonds in boron clusters,
which is in agreement with the charge di�erence from the �rst-
principles calculations. To satisfy the 8-electron rule, there are
0.5n 2c-2e bonds and n 3c-2e bonds for Bn clusters,
respectively, where the 2c-2e bonds are found to be located
on the peripheral edges with the 3c-2e bonds on the triangles.
Thus, a stable Bn cluster should have more than 0.5n edge and n
triangles for the 2c-2e and 3c-2e bonds, respectively. As shown
in Figure 1, we have checked the reported Bn (n � 20) clusters
and con�rmed that all of these stable clusters satisfy this
constraint. Extending the constraint for the in�nite planar B
sheet, we can obtain the proper concentration of hexagon
vacancy for the possibly stable borophene: for a cell of
triangular lattice with n2 atoms and 2n2 triangles, one hexagon
vacancy would produce six edge bonds, which would reduce the
number of atoms and triangles by one and six, respectively.
There are two constraints: (1) 0.5 × (n2 � 1) � 6, (2) (n2 � 1)
� (2n2 � 6) to ensure that there are enough edges and triangles
for 2c-2e and 3c-2e bonds. Thus, the vacancy concentration �
for the reasonable B sheets is 1/13 � � � 1/5, which agrees
with the results reported before.31 Note that the constraint of
vacancy concentration would help us screen the candidates
e�ectively. For a 6 × 6 triangular lattice supercell, only 0.0156%

initial structures among the total 236 possible candidates satisfy
the � constraint.

For an N-ring structure with m atoms in a single ring, the
number of triangles in the tubular clusters is 2 × (N � 1) × m
and the number of edges at both sides is 2 × m. According to
the two conditions of our 8-electron rule, we can get 2 � N �
4. Thus, the structure with N > 4 should be unstable and
vacancies should be introduced to increase the edges for 2c-2e
bonds. To verify this, we calculated a few triangular lattice B
nanoribbons of di�erent widths and the corresponding Bn rings
with various diameters. As shown in Figure S2, we have
calculated the average formation energy (Eform) for Bn (n �
100) clusters with the structures of (2�6) triangular lattice
rings. As the size of the cluster increases, the three-ring tubular
clusters are more stable than other tubular structures of Bn (30
� n � 100), in agreement with previous studies.44,45

Figure 2 shows the structural stabilities of boron nanoribbons
with/without vacancies as a function of the width. There is a
local minimal at N = 3 for the ribbons without vacancies.
Introducing one hexagonal vacancy for the N-layer (N � 5)
ribbons, the systems can be dramatically stabilized. The inset of
Figure 2 shows the possible boron structures from a �ve-ring
B80 tubular cluster, where 2�6 vacancies are required to satisfy
the constraint of vacancy constraint. The ground state
structures of B74�78 are more stable than B79,80, where the B76
with 4 hexagonal vacancies is the most stable one for the given
�ve-ring structures.

3.2. The Distribution of Vacancies in Stable Boron
Nanostructures. As shown in the inset of Figure 2, constraint
of vacancy concentration is always not enough. The constraint
could be further re�ned according to the distributions of
hexagon vacancies. In our recent work,34 we have screened all
the possible planar Bn (n = 30�51) isomers with 1�2
hexagonal vacancies with the pro�le {n1n2n3}, checking the 12
symmetry operations (SOs) of triangular lattice. As shown in
Figure 3a, there are four isomers for the B36 from the {744}
pro�le with one hexagonal vacancy, where the atoms (a�d) in
dark represent the possible positions for the vacancies. For B36,
the structure (1) (cf. Figure 3a) with the most SOs is more
stable than the others with less SOs by around 1.7�4.1 eV in

Figure 1. Relation of the number of triangles (edges) and the size of
the reported Bn clusters. The blue triangle represents the number of
triangles for the corresponding Bn clusters; the green cross represents
the number of the edges for the corresponding Bn clusters. The
geometry structures of the B20, B27

�, B36, and B40 cage con�rmed by
the experiments are presented in the �gure.
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total energies. However, for the B37 (Figure 3b-1) and B42
(Figure 3c-1), the structures with less SOs are more stable than
those with more SOs. For example, the total energy of the B42
isomer with a double-vacancy (d-e, number of SOs = 4) is 0.588
eV higher than the one with a double-vacancy (a-b, number of
SOs = 1).

Figure 4a shows the symmetry of boron planar clusters with
the number from 32 to 50, where most of the stable structures
are of high symmetry with SOs � 1, especially for the magic
number clusters. Meanwhile, there are several stable clusters
with SOs = 1 (B37, B42, B48). As the size of the clusters
increases, the number of isomers for the planar clusters is out of
our computational capabilities. To further reduce the number
of candidates, we have adopted a 2c-2e and 3c-2e bond model
to analyze the boron clusters, determining the bond
distributions to ensure every B atom satis�es the 8-electron
rule.34 We have checked whether there is a solution for all the
calculated structures based on the bond model with the 8-

electron rule. As shown in Figure 4b, the initial planar
structures with model solutions are always more stable than
that without solutions, indicating that we can screen the
candidates by checking them �rst to �nd if there is a solution.
Combined with the 8-electron rule screening, about 64% of
initial structures can be further eliminated, which reveals the
e�ciency of the model analysis.

We have searched the possible stable Bn clusters with larger
sizes by the congruence check, including the tubular ones and
quasi-planar ones (shown in Figure S3). The ground state
structures of boron clusters will vary as a function of the
number of boron atoms, where the three-ring tubular clusters
are more stable at 40 < n � 63, while the �ve-ring tubular ones
with hexagonal vacancies become more and more stable with n
> 63. For the quasi-planar Bn clusters shown in Figure S3d,
more hexagonal vacancies should be introduced to stabilize the
systems of larger sizes. In addition, the model constraint based
on the 8-electron rule can help us screen the initial structures
e�ectively for both quasi-planar and tubular clusters, as shown
in Figure S4. The structures of all the stable Bn clusters are
presented in the SI (Figure S5).

3.3. The 2D�3D Evolution of Boron Nanostructures.
In the following, we focus on the local minimum of the tubular
clusters and the quasi-planar clusters in Figure 5. For the boron
clusters of smaller size, B36 is a magic quasi-planar cluster with
C6v symmetry,12 and the tubular B42 is another magic number
cluster. The B42 cage46 is even less stable than the quasi-planar
B36. As the size increases, the local minimum of the quasi-planar
clusters (the dashed line with square dots) Bn (n = 36, 56, 70,
84) have been considered to be the fragments of the � B
sheet.33 Meanwhile, the �ve-ring tubular with vacancies will
become more and more stable. For example, the quasi-planar
B70 with the C3v symmetry is slightly less stable than a �ve-ring
tubular isomer with the D5h symmetry, close to the average
formation energy of closed shell B80 fullerene.

Note that the tubular structure B76 with D4h symmetry is
more stable than the B80 cage. Within our computational
capabilities, we have calculated the six-ring and �ve-ring with
various vacancies with n < 80, where the tubular structure B76 is
found to be a magic structure with high stability. The most
stable B70 and B76 tubular clusters constructed by the
nanoribbon with the units of 14 and 19 atoms are shown in
Figure S6, where the structural stabilities of the similar tubular
clusters depend on the diameter. Table S1 in the Supporting
Information lists the HOMO�LUMO (H-L) energy gaps of Bn
clusters from various methods, indicating the same tendency for
the B80 cage and the tubular clusters. The gap of the B80 cage is
about 1.4 eV according to HSE calculations, and the hollow
cylindrical cluster B76 is around 1.2 eV. Compared to the
metallic B70 of quasi-planar structure, the tubular B70 possesses
a relative high chemical stability with an H-L gap of about 1 eV.
As the H-L gaps of B76 and B70 are larger than the B84 planar, it
indicates the potential superiority of the cylindrical structures.

Carbon nanotubes, hollow cages, and planar graphene
nano�akes have similar motifs with the planar sheet of
graphene, attributed to the stable sp2 hybridizations of carbon.
As shown above, stable boron nanostructures with the number
of boron atoms from 30 to 84 can be planar, tubular, and cage-
like, containing the triangle and polygon vacancies. For most
nanostructures, the tubular structures should be more stable
than the planar ones, since the edge atoms with less
coordination number might destabilize the system. However,
the edge in boron nanostructures is necessary for the

Figure 2. Relation of the average formation energy (Eform) and the
layers (N) of the B nanoribbon. The green solid line represents the
relation of the Eform and the B N-layer nanoribbon; the blue dashed
line represents the relation of the Eform and the B N-layer nanoribbon
with one hexagonal vacancy (V) in the middle. All the dots in the inset
represent Eform of the isomers constructed by the �ve-ring B80 tubular
clusters with a few hexagonal vacancies. The red dots represent the
structures that dissatisfy our constraint; the other dots represent the
structures that satisfy the constraint.

Figure 3. Initial structures of the Bn (n = 36, 37, 42) quasi-planar
clusters and their relative total energy in GGA (PBE) level; the
number of the symmetry operations (SOs) for the corresponding
structures are shown at the downside. Parts (a) and (b) represent the
initial structure of B36, B37 with the pro�le of {744} and {986}
accompany a hexagonal vacancy (V), marked by a-d. Part (c)
represents the initial structure of B42 with the pro�le of {855}
accompany a double hexagonal vacancy, marked by (a-b, a-c, d-e),
respectively.
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distribution of 2c-2e bonds, according to our model and the
analysis of electron localization function (ELF). The
complicated bonding of B is characterized with both localized
bonding and delocalized bonding, where the 8-electron rule
indicates the localization and the variance of 2c-2e and 3c-2e
bonds’ distribution is minimized to describe the delocalized
bonding. Applying the former adaptive natural density
partitioning (AdNDP) method47 to analyze the (nc-2e) bond
is very di�cult for the large Bn clusters, and the results might be
dependent on the user’s experience.

On the basis of the 2c-2e and 3c-2e bond model, we adopt
the 8-electron rule to analyze the magic clusters of high
stabilities. The double-ring B20 is a highly stable cluster with a
large H-L energy gap of over 2 eV, which is regarded as the
embryo of single-walled boron nanotubes.16 As shown in Figure
S7a, there is a 3c-2e bond in every triangle and the edge bonds

are the 2c-2e bond with an occupation of 1/2, in agreement
with the isosurface charge di�erence. For the stable tubular B42
cluster, the occupation of the 2c-2e bond on the edge is 3/4,
while there are two occupations (1/2 and 1) of the 3c-2e bond
for the triangles. With the decrease of the ELF isosurface value,
the area with the 2c-2e bonds with the occupation of 3/4 and
the 3c-2e bonds with the occupation of 1 become visible �rst
(shown in the Figure S7b-4), followed by the 3c-2e bonds with
the occupation number of 1/2.

Figure 6a shows the model analysis and ELF for the bonding
in the stable quasi-planar B84. Similarly, at a large isovalue of
0.86 for B84, the charge distribution on the pro�le and the
hexagonal vacancies become visible �rst, followed by the
triangles with the 3c-2e bond with the occupation number of 1.
At a smaller isovalue of 0.74, the charge distribution of a half
3c-2e bond is visible. According to our bonding analysis (shown
in Figure 6a-4), there are 48 (24) 3c-2e (2c-2e) bonds with the
occupation of 1, 72 (18) 3c-2e (2c-2e) bonds with the
occupation of 1/2, and 12 2c-2e bonds with the occupation of
3/4, maintaining the symmetry of B84. Thus, our model can
give a better understanding of the bonding in boron clusters,
where the 2c-2e and 3c-2e bonds are distributed to satisfy the
8-electron rule.

As shown in Figure 6b, the charge distribution along the B�
B bond at the peripheral edge is visible at �rst, followed by the
one along the hexagonal vacancies as the ELF isovalue
decreased from 0.92 to 0.84. Note that the B�B bond length
along the peripheral edge is 1.61 Å, which is shorter than the
one (1.69 Å) along the hexagonal vacancies, indicating the
strong electron localization along the peripheral edge.
According to our bond model, we have a possible solution
for the B76 cluster. As shown in Figure 6b-6, there are 32 3c-2e
bonds with the occupations of 1 and 3/4, 40 2c-2e bonds with
the occupation of 3/4, and 40 (16) 3c-2e (2c-2e) bonds with
the occupations of 1/2. In the hexagonal vacancies, the 2c-2e
bonds parallel to the peripheral edge possess a higher
occupation number (3/4) than the other 2c-2c bonds (1/2),
which is consistent with the �rst visible charge distribution.
Importantly, all the stable Bn (n = 30�85) clusters (the red
triangles in Figure 4) can be understood by our bond model

Figure 4. Relation of the Eform and the size of the Bn (n = 30�50) clusters. (a) The colorful bars represent the number of the symmetry operation
(SOs) for the corresponding Bn clusters. (b) The results of the 8-electron model solutions for all the isomers. The empty dots represent that there
exists a solution for the model; the solid dots represent that there does not exist a solution for the model.

Figure 5. Relation of the Eform and the size of the Bn (n = 30�85)
clusters. The empty stars represent the local minimum of the three-
ring tubular clusters, the empty squares represent the local minimum
of the quasi-planar clusters, the cross and the empty diamonds
represent the �ve-ring tubular clusters rolled by the ribbon [unit (14,
19)], the empty triangles represent the magic number Bn clusters, and
the empty pentagons represent the Bn cages.
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with a clear and simple picture (Figures S8�S10), indicating
that our model is an e�ective and universal method to analyze
the electron distribution in the planar, tubular, and cage-like
boron nanostructures.

4. CONCLUSION
In summary, we have investigated the stability and electronic
properties of the tubular and quasi-planar Bn (n = 50�85)
clusters based on the �rst-principles calculations. We have
proposed a practical criterion for screening the initial
candidates, providing a better understanding of bonding in
boron nanostructures consistent with the charge distribution
from �rst-principles calculations. Interestingly, there are quasi-
planar and tubular isomers of B70 as stable as the B80 cage, while
the tubular B76 with the D4h symmetry is more stable than the
B80 cage. According to our model, the vacancy and the edge are
important to stabilize the boron nanostructures, which explains
why the quasi-planar and tubular boron nanostructures could
be as stable as the cages. In addition, the core�shell isomers
would be also stable as the number of B atoms increases, and
we might extend our model with the 8-electron rule for these
structures in the future. Our �nding may stimulate a brand new
way to design the reasonable boron clusters and to understand
the novel chemical bonding in boron nanostructures.
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